Suggested Solutions for NJC H2 Mathematic Prelim Exam Paper 2 2017

Q1

Suggested Solutions

Let «, B and . be the original amount charged per 5 min, 10 min and 15 min block for
each ride by «a-bike, pB-bike and u- bike respectively.

Sa+3f+u=57 e 1)
4o+ +3(0.950u)=5.72  —-wemm )
8 +43+3(0.95 1) =9.71 --e-rnnm- (3)

Solving the above 3 equations simultaneously by GC,
o =$0.4079329609, 5 = $0.8402234637, 11 = $1.139664804

a=%$0.41, 3=%0.84, u=$1.14.

Original pricing per 40-min block:
Using calculator values

a-bike: $0.4079329609 %8 = $3.26
-bike: $0.84 x4 =$3.36

u-bike: $1.14x3=$3.42

Thus, a- bike offers the cheapest rate for a 40-min ride.
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Q2 Suggested Solutions
(i)
..... y=3
wo o
x=3

Since any horizontal liney =a,a (1 , intersects the graph of y = f(x) at most once, the

function f is one-one. It follows that f~ exists.

OR

Since any horizontal liney =a,a e R, , intersects the graph of y =f(x) exactly once,

the function f is one-one. It follows that " exists.
Q) Let y= 7-3x

—X
yB-x)=7-x
_1-3y
3-y

Since f*(x) = 73_3)( , xell,x=3,

- f71 =f. (shown)

D,.. =R, =(~2,3)U(3:) =D,
0 Note that f *f(x) = x. Therefore, f®(5) = fff..f (5) =f [f B O i (5)} =f(5) =4

=X. : = fff... =f|ff... =f(5) =4.
2003times 1000 times of f '

(ii)

(2-x)(1+x), —-1<x<2,
—(2—=x)(1+x), x<=1o0r x>2.

|2—x)1+x)|= {

For x € (—o0,-1], y =—(2—X)(1+ X)
Method 1
X?—x—-2-y=0

~(-D) (-1 - 4(1)(-2-y)
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Method 2
y=x° —x—2:(x—0.5)2 -2.25

x:0.5ia/y+2.25
_1r\d+dy “Z+4y (rejectd - x <-1) or 1-\9+4y "92+4y

g _1_/ 9
L9 > x+4

(iil)

2 1+ v

For gg*(x) =X,

Dgg’l = Dg—l .

. xe€[0,00) or x>0

(iv) | Since R, =(~o0,~1] and Dt = (—o0,0)\{3}
R, cD;.
9

- fg™ exists.

Using the graph of y=g7(x) in part (ii), Rg,1 = (—o0,-1].
From graph of y =f(x) in (i) in (—o0,—1].
ng,l =[2.5,3)
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Q3

Suggested Solution

(

(1+x%)y*+ 2xy = 2¢™
(1+ x2) Y+ 2XY 2y + 2y = 4e”

= (1+ xz) y"+4xy '+ 2y = 4e*

(1+ xz) Y+ 2Xy "+ 4y +Axy "+ 2y = 8e™

:>(1+ xz)y +6xy"+6Y' =8

When X=O’ y:l’ ylzz’y"=2,ym=—4
eZX

e

2 3
=1+ 2x+2[X—J—4(X—j+
2! 3!

3
z1+2x+x2—%

a=2, b:—2
3

(a)

For -2<x<2,
[f(x)-h(x)|<05

3 2X

e

2X
2
-0.5<1+2X+ X" ——-—-<05
3 1+x

By GC,

Flotl Flotz Flots: LINDOW
ENY1B1+2X+%5- (2,305 -e* (1| Xmin=H2

ENY:2H0.5 HAmax=2

I\Y3:B-0.5 Xscl=1e-4

LANEE | ¥min=-1

Y= Ymax=1

\Yg= Yscl=1e-4

ENY 7= Xres=1

E\Ys= aX=0.01515151515151

TraceSter=0.030303030303...

MORMAL FLOAT AUTD REAL RADIAN HF n
CALC INTERSECT
Yz=0.5

AN

<
\

From the diagram above,
—0.95233<x<1.072619

. —0.952 < x<1.07

Intersection
¥=-0.952329 Y=0.5




Suggested Solutions for NJC H2 Mathematic Prelim Exam Paper 2 2017

Q4

Suggested Solutions

(i)

0

~

0
8
7) (0 7 0) (0
0
5

A vector perpendicular to the plane is
— DE xDF

7 0

=l 0 [x| 7

-3) (-3

21 3

=121(=7|3

49 7

Cartesian equation of the plane is
X\ (3 0)(3 3

y[13|=|0[]3|=rl]3|=56
z)\7 8)\7 7
S3X+3y+72=56

0

and EF =| 7 |-| 0 |=

5

7

5

—7
7
0

(i)

Let the required angle be &
3)(0

300

7)1
cosd = = /

JF+3 1771 67
6 ~31.2° (1 dec place)
(or 0.545 rad)

(iil)

Method 1

[OB| =7?+7* =98

OD| =9

Angle between DB and the ground
=~/0BD

:tanl[ 8 ]
N2+ T2

= 38.9°
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O B
From the diagram, the canvas will cover B.

Method 2
7
OB=|7
0
Equation of perpendicular line passing through B, I:
7 0
r=\7|+4/0[,1el]
0 1
3
Using normal of plane to be | 3 |i.e. all entries are positive:
7
solve the equation of plane DEF and I:
7 0)[(3
7|(+4]0]|[]13|=56
0 1 7
A=2

Since A=2>0, | and plane DEF intersect above the horizontal ground. So the canvas
covers the point B.

Method 3
7)\(3
71 3|=42<56
0/)\7

Distance from O to plane parallel to DEF and passing through B is smaller than the
distance between O and plane DEF. Hence B is beneath the canvas.

(iv)

1
Normal vector of the vertical wall is | 0 | and (d,0,0) lies on the vertical wall.
0
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d)(1 1
O[0|=d=r0]0|=d
0)(0 0
1
Hence the equation of the vertical wall is r[] 0 [=d .
0

Direction vector of the line of intersection is

3 1 0
3(x|0|=| 7
7 0 -3

Let (x,y,0) be the common point on lying on the two planes.

X\ (3

y [l 3|=56=3x+3y=>56
0)\7

X\ (1

y[l10|=d=x=d

0)(0

Solving the above equations simultaneously

3d+3y=56:>y=56_3d
d

r= 56;3d +4| 7 |, where Aell .
0 -3

(iv)

For P to shine the brightest at point B, P must be as near as possible to B. Thus P is the
foot of perpendicular from B to the roof.

Equation of the line passes through B and P:

7 3
r=|7|+a|3|,aael
0 7
7+3a

Thus OP =| 7+ 3¢ | for some a.

To

Since P lies on the roof,
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7+3a)(3
7+3cx [] 3|=56=42+67a =56
Ta 7
14
oo = E
7+3a
Substitute o =E into OP =| 7+3« |.
67 T
7+ 3(Ej ﬂ
67 67
OP = 7+3(Ej = oi
67 67
98
&) ) Lo
Alternatively, use projection vector:
0) (7 -7
BD=|0|-|7|=|-7
8 0 8
To check for the direction of normal vector of DEF
3
n=| 3
7
3 3) (-7
3[BD=|3||-7|=-21-21+56>0
7 7) 8
Hence, angle between BD and n is acute.
BP = (ﬁ.n)n
3 3
5 3 3
7 7

71
o J9+9+49 [\/9+9+49




Suggested Solutions for NJC H2 Mathematic Prelim Exam Paper 2 2017

OP — OB + BP
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Q5 | Suggested Solutions
()
5 (m-2) 6
Badminton | Floorball | Swimmers
Players Players Players
Casel 1 1 2
Case 2 1 2 1
Case 3 2 1 1
. (5 m=2
Case 1: Number of selections is [1 ( 1
. (5 m-=2
Case 2: Number of selections is 1 5
) (5 m-2)\(6
Case 3: Number of selections is
2 1 1
Total number of selections
_(5)(m=2 6+5 m-2 6+5 m-2\(6
b1 fl2) o2 ) l2)l 1l
m-2)(m-3
:75(m—2)+30¢+60(m—2)
=135(m—2)+15(m—2)(m—3)
=15(m-2)(9+m-3)
:15(m—2)(m+6)
k=15
Alternative method:
5{m-2\6)m-2+5+6-3 /21
10 1 1 1 '
(ii) | Number of ways to select exactly one of the twins
5Y(2)(6 5Ym-2\(2\(6 5\(2)\(6
= + +
1(1)2 1 1 111 21101
:150+60(m—2)+120
=60m+150
Number of ways that the twins are not selected > 2 times the number of ways that
exactly one of the twins is selected.
15(m—2)(m+6)>2(60m+150)
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By GC,
NOKHAL FLOAT AUTO REAL RADIAN HP 1
PRESS *+ FOR &Tb1

Plotl  Plotz  Plots ALY Y2
B\Y1E15% (X-2) % (X+6) koo
INY 2B120X+360 EHQ
\Y3= £eo
INYa= 900
E\Ys= 1020

1148

\Ye= 1260
BNY 7= 1380
I\Ye= 4589
\Ys= K=9

least value of mis 9.

Last | Step 1: Arrange 3 units at the round table = 3!/3
Part | Step 2: Arrange the twins among themselves = 2!

3
Step 3: Slot in the teachers = (2}( 2!

Number of ways for the twins to be seated together and teachers are separated

3l 3
=—x2Ix x2Ix6 =144
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Q6

Suggested Solutions

(i)

o (8,14.4)

As L increases at a decreasing rate/concave downwards with respect to t, the linear
model L=at+b should not be used.

(ii)

The r value for L= axﬁ+b is 0.972.
The r value for L=clInt+d is 0.996.

Since the value of |r| for L=clInt+d,iscloserto1l, L=clInt+d is a better model.

-.€=5.28248~5.28
-.d =3.92267 ~ 3.92

(i)

L =5.28248In(0.5)+3.92267
=0.2611
=0.261(3 sf)
This estimate is not reliable as as the age of the Sole is out of the range of the data.

(iv)

Since

G=148-L

I, is positive but r, is negative.
S =0
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Q7 | Suggested Solutions

(i) | P(X=4)

i)

~

X

11

>

A —
WM
©|n|w
o

(i) | E(X)

4
81

iii _
(i) Since n =44 is large, by Central Limit Theorem, X ~ N (%,g+44j approx.
P(f > 3)

=0.159 (By GC)
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Q8 | Suggested Solutions
(i) | 2-tail as HPB is looking for a change in either way.
(ii) | Central Limit Theorem states that the sample mean heart rate will follow a normal
distribution approximately when the sample is large (in this case, 70 > 20).
An unbiased estimate for the unknown population variance can be found obtained from
the sample.
(i) Unbiased estimate of population mean h = % =77.3.
Unbiased estimate of population variance,
2
s’ = 1 426433— AL ) 118.3.
69 70
Let x denote the mean heart rate of the teenagers in the obesity group.
To test at 10% significance level:
Ho: =75
Hi: =75
. . — 118.3 .
Under Ho, since n is large, by CLT, H ~ N| 75, 0 approximately,
(AND/OR =7 _ N(0,1))
,118.3
70
By GC, p-value = 0.0768 < 0.10.
(Alternatively, CR: |z|>1.645, z=1.769 is in CR)
Hence we reject Hop at the 10% level of significance and conclude there is sufficient
evidence that obesity will cause change in the mean heart rate.
(iv) | Anone-tail test is used instead:

Ho: =75
Hi: u>75

CR: z>17,,=1.28155

To reject Ho,

79.4-75
o

80

(4.4\/%

1.28155

>1.28155

2<

] =943 (3sf)
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The researcher should conclude that obese teenagers evidentially has a higher mean
heart rate if and only if the variance is not more (less) than 943.

(v)

P(,u—0'< X <,u+0'): P(—1<Z <1):O.68268z0.683.

Since heart rates follow a normal distribution,
P(,u—0'< H <,u+0)z0.683

We know that from (iv), null hypothesis will be rejected whenever o <30.7.

Taking o =30.7, under H,, P(75—30.7 <H <75+30.7) ~ 0.683

— P(44.3<H <105.7) ~ 0.683
and null hypothesis will be rejected.

We can say that for o <30.7 and when null hypothesis is rejected ,
P(44.3<H <105.7)>0.683 or P(H <44.3)+P(H >105.7)<0.317

We know that the teenager’s heart rate is rarely below 44.3 or above 105.7 in a resting
state, so it is likely for the researcher to reject the null hypothesis.

In reality, it is unlikely for sigma to be as large as 30.7 such that the probability for H
to be within one standard deviation from mean to be 0.683.
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Q9

Suggested Solutions

Let D be the random variable denoting the number of days of gestation for a Dutch
Belted cow.

P(D < 278) =0.0808
278—u

P(Z < ) =0.0808

278—u
o

=-1.39971——— (1)

P(D > 289) =0.212
289 u
O

P(z< )=0.788

289 —u
O
Solving (1)&(2), x=285.001064 and o =5.0017961

1 =285 (3s.f) and 0=5.00 (3s.f).

- 0.799501— —— (2)

_ 2
D[l N(285.001064,5'OO:13$).

P(D > 287) =0.0118629 = 0.0119 (3 s.f.)

The number of days of gestation for a Dutch Belted cow is independent of the number
of days of gestation of another Dutch Belted cow.

(ii)

J [ N(278,2.50%)
D [J N(285.001064,5.0017961%)

Let X =26J —%29D
X [1 N(3095.48457 , 9485.02698)

P(O< X <a)=0.35
~.a=3057.95778 ~ 3058

(iil)

D [J N(285.001064,5.0017961%)

J 0 N(278,2.50%)

Let C, denote the random variable of the amount of feed
cosumed by 3 pregnant Dutch belted cows.

Let C, denote the random variable of the amount of feed
cosumed by 4 pregnant Jersey cows.

C,=29(D,+ D, + D;) [l N(24795.09257,63120.32374)
C,=26(J,+J,+J,+J,) 0 N(28912,16900)

C, —C,1 N(—4117,80020.3237)
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P(|C, - C,| > 4000)
=P(C,-C, <—-4000) + P(C, —C, > 4000)
=0.6604182314

=0.660 (3 s.f.)
Or
D [J N(285.00,5.0018%)

J [ N(278,2.50°)

Let C, denote the random variable of the amount of feed
cosumed by 3 pregnant Dutch belted cows.

Let C, denote the random variable of the amount of feed
cosumed by 4 pregnant Jersey cows.

C,=29(D,+ D, + D;) [l N(24795,63120.42217)
C,=26(J,+J, +J,+J,) ) N(28912,16900)

C, —C,[] N(—4117,80020.422)

P(|C, - C,| > 4000)
=P(C,-C, <—-4000) + P(C, —C, > 4000)
=0.66041814
=0.660 (3 s.f.)
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Q10

Suggested Solutions

(i)

The event of a bulb being defective may not be independent of another bulb being
defective.

(ii)

Let X be the random variable for the number of defective light bulbs produced by Factory
A.

X[OB 180,i
200

Given
P(X < r) =0.998

= P(X <r-1)=0.998

By GC,
MORHAL FLOAT AUTO REAL RADIAN HF n HORHMAL FLOAT AUTD REAL RADIAN HF 1
FRESS + FOR &Th1

Plotl  Plotz Plot3 A Y1
INY1BOmcdf (188, 1,200,%X-1)
BNY 2=
BNY 3=
BNYa=
BNY 5=
NYe=
BNY 7=
ENYe=
INY 9=

€ w e = @
SooD>D P
~
-1
R
o

= 0w o
&
s s g

>C
1l
[0}

S.r=5

(i)

Let Y be the random variable for the number of defective light bulbs produced by Factory
B

Y [ B(30,p)
P(the batch is accepted)

_ (300j 2 (1-p)®

{[310} p(1-p)” +[320j 0 (1- p)zs}(300j 0o
= (1-p)* +[30p(1- p)* +435p* (1- p)”* | (1- p)*

= (1-p)* +30p(1- p)” +435p? (1- p)*

(iv)

Let U be the random variable for the number of defective light bulbs produced by Factory
A

Let V be the random variable for the number of defective light bulbs produced by Factory
B.

ullB 1200,i
200

V [ B(1200,0.007)
P(1 bulb from B is defective| there is exactly one defective bulb)
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B P(U=0V =1)
P(U=0,V =1)+P(U =1V =0)
~0.5838223
=0.584 (3s.f)
P(U=0V =1)

Reference for

P(U=0V =1)+P(U =LV =0)

1200 1200 ° 1200
0.007*(1-0.007)"" x (1j [1—1j
1 0 {200 200
(1200 1200 0 1200 ]
0.007* (1-0.007)* x (1) (1—1j
1 0 {200 200

1200 1200 ! 1199
+ 0.007° (1-0.007)"** x (1) (1—1j
Lo 1 )\ 200 200) |




