2017 SRJC H2 FM Prelim Paper 1 Solution
Answer all questions [100 marks].

1 | Suggested Solution
(i) U,=06U,,+150,U,=250.

(i)
U, =0.6(0.6U,_, +150)+150
=0.6°U,,_, +0.6(150) +150
=0.6%(0.6U,,_3 +150)+0.6(150) +150
=0.6%U,,_5 +0.6?(150) +0.6(150) +150
=0. 6”U0+0 6" (150)+0.6"%(150) +...+150
=0.6" (250 +150(o 6" +0.6" +---+1]
n
=0.6"(250) +150(11 00 J
-250(0.6")+375(1-06")
~375-125(06" r.a=-125, b=375
2 | Suggested Solution 4

f(x)=1—2+2lnx, x>0
X

f(O.l):i—2+2InO.1:3.394 >0
0.1

f(1)=-2+2In1=-1<0
1

f(0.4)=-1.3326 (4d.p.), f'(0.4)=-1.25
By Newton-Raphson Method,

V/
Since f(O.l) .f(l) < 0 and f is continuous, there is a root in the interval (0, 1).
Taking xo = 0.4,
1 2 A
f'(x)=—=+—
(x)=—25+=

v

(-1.25)

f(%)
X=X~y
(%) 0.4 .
-1. 17~ AW -
04 EBD) 67 1024p) 0.67 =<




Since x, =—-0.67 <0, Inx, will not be defined and subsequent iterations using the

Newton-Raphson method to obtain subsequent estimates will not be possible. Hence xo
= 0.4 is not a suitable approximation to find « using the Newton-Raphson Method

Taking x, = 0.1, (any value below 0.315)

(i)
Y.
e "
efzrr 1 X

2

6,
(i)  Area of the region enclosed :%J. (e®) do

a

1{e49 T
2| 4,

= i(1—4a2) where k =—
32

Solution
0] Since A2 = A,

det A2 = det A
= (det A)? = det A
= (det A)2—detA=0
> (detA—1)(detA)=0
= detA=1or0

(ii)(a) When det A =1, then A is invertible (non-singular). There is an inverse A™?,
such that AA™ = 1.

From A% = A, multiply A™* to both sides of the equation,

(ATA)A = AIA = |

IA=1

=
= A=l




(i)(b) Suppose det A =0, then xw =yz ------- 1)
x yY (x Yy
z w) lz w
. X24+yz xy+yw) (X y
XZ+WZ  YZ+W z w
Comparing the (1,1) entry,
SX2+yz=X ----- 2
Substituting (1) into (2),
X2+ XW = X

= X+ w=1(since x = 0)
(shown)

Suggested Solution:

0] z—17 =2isind.
= (z-7)*=-8isin®0
=78 -32%2" + 32(2")* — (")} = 8isin® 0
= (22— (") -32"(z-7") =-8isin®)
= (2isin 36) — 3(2i sin 0) = —8i sin%0
= 2sin 30 — 6sin § = —8sin®¢
= sin 30 = 3sin 0 — 4sin® @ (shown)

(ii) (xz—z)Zk:aerkZ_l:b,x”=Zk:a,x2f+2—2zk:arx2f+§brx2f
r=0 r=0 r=0 r=0 r=0

k+1 k

k-1
=Y a X" -2>a X"+ bX*
r=1 r=0 r=0
k-1
=, X* +a,X**?-2a X* -2a;,+by+ > (-2a, +a,, +b ) X*
r=1

A=-2a,+b,, B=a,,—-2a, C=a,
sin 36
sind
_ 3sin@-4sin’*0
- sin@
= 3—4(1—cos’ )
=4x2—1

(iii)  Uz(x) =

n n+r
(iv)  Let Pn be the statement U, = Z(—l)”*r (n rJ(Zx)2r ,nNeZn=0
r=0 -

Forn =0,
LHS = Uo = 1 (given)

RHS = (-1)° [8] (2x)°

=1=LHS

<. Pois true.

Forn=1,

LHS = U2 = 4x2 — 1 (from (iii))




RHS = i(—l)l" Gt :j(2x)2r

—Gj (2x)° +(§j (2x)?

4% -1

= LHS

‘. P1is true.

Assume Pk and Px- are true for some k €Z, k = 1, ie

k
U, = Z( 1)“( ”)(z X)?
Uy, =S (D) H(k_ _J(Z X)?

r=0

Kt kK+r+1
To prove Pis1; U, ., =) (=)™ 2X)?"
p k+l. Usyio rZ:;,( ) [k—r+1]( )

LHS = U,,,,
= (4= 2)U2 (x) — Uz-2 (x)  (from (**))

2 d k-r k+r 2r 3 k-r-1 k+r—1 2r
= (4x —2);(—1) [k_r](ZX) -2 [k_r_J(ZX)

r=0

k k+r-1
By taking X = 2x, a,=(—1)“(k+:j and b,=(—1)“( S j

k—r-1
[ k k-1 k —
(4X2_ )Z( 1)k—r[ +I’j(2 )2r_Z(_l)k—r—l[ki:_i'](zx)ﬂ

= (xz—z)zk:a X2'+Zb X
k-1

=a, X +a X2 -2a X* -2a,+by+ > (-2a, +a,_, +b, ) X*

r=1

= (D) (2K 1) @07 4 (2077 + 3 () (k T +1j 2%

r=1 k_r“f‘l

e K+1 2k +1 o of 2k+2 -
=(—1)*( ](2)—( i j(ZX) +(—1)[ 0 j(ZX)

+Z( 1)k r+l(k+r+1j(2 )2r

— g( 1)k r+1(t'_"r+1](zx)2r

‘. Px—1 and Px are true = Px+1 iS true.

Since Po and P1 are true and Pk -1 and Pk are true = Px+1 is true, by mathematical

induction, Pn is true forall n €Z, n > 0.




Solution:

5%x° -3 A B C
Let s = —t+t—+—
X—X X 1-x 1+X

By “Cover-up” rule, A=-3
B=1
C=-1
C5*-3 3 1 1
Cx=x® X 1-x 1+x

. dy dv
i = VX L =V+X—
(i y - dx " dx

y(x2 + y2)+ x(3x2 —5y2)% =0

= vx(x2 +v2x2)+ x(3x2 —5v2x2)(v+ x%) =0
dv _
dx

= vx® + V3% +3x%V —5v%%3 + X2 (3x2 —5v2x2) 0

dv

= 4 —4v3x3 = —x* (3—5v2)—
dx

Note that since v = y , then x = 0.

X
4 5v*-3dv
:_— _

X v—Vv® dx

4 5v2 -3
= I;dx=_[ \;/—vs dv

From (i), 4l = [S+————1 qv
v 1-v 1+v
=-3In|v|-In|1-v|-In|1l+v|+Inc,

where c is a positive constant.

C

In‘x“‘zln = In

BIEGl

X N ‘y3(x2—y2)‘:c|x|

. general solution required is y*(x* —y?)=Cx where C = +c

x* =cx?

Solution

0] Difference in distance from the foci = 2
=>(6-X)-x=2 or X—(6-x)=2
=>X=2 or X=4
Hence, two points on x-axis are (2, 0) and (4, 0).

Putting into the equation 2=ﬂ, _4=ﬂ
l+e 1-e

=>2+2e=4e—-4




>e=3
=d=8/3

*. polar equationof His r = ——
1+3cosé
dr _ 8(=3sin0)
do (1+3cos )’
- +(er _ 64(L+3c0s6)" +24%sin” 0
do (1+3cos¢9)4
_ 64+384cosd+576¢0s” §+576sin’ O
- (1+3cos:9)4
_ 128(3cos 0 +5)
- (1+3c05¢9)4

(ii)

Arc length C = I (3;) do

(3 128(3c056?+5)
=[5, 2do
~5\ (1+3cos8)

\/__[ N3c0sO+5 dé (shown)

= (1+3cos0)’

8\/_ \J3cosf+5

(i) Letf(x) = L3050

For 6 trapezia, the 7 ordinates are —E,—— 0,—,
6 12 12

T T
(3 6) /4 /4 /4 V4 V4
Approx. of C = 5 ( (- ) + 2f (- E) + 2f(0) + 2f (E) + 2f (E) + 2f (Z) +f (5)]

=3.9808 (to 4 d.p.)

(iv) For 3 parabolas, there will be 6 strips and 7 ordinates —%,—E,O,l,z

T r
12" 7'12'6'4°3

T T
(3 6) V4 /4 V4 V4 V4
Approx. of C = 15 ( (- ) +4f (- E) + 2f (0) + 4f (E) + 2f (E) +4f (Z) +f (E)j

=3.9252 (to 4 d.p.)

Solution

0] From definition of S,
MF =eMI
=5=ce




> e=

«/(x—3)2 +v? =§(c—x),

= c*(x* —6x+9) +C’y* = 25(x* —2xC +C?)
= (c* —25)x° + 2(25¢)x —6¢°Xx +c°y* =16¢?
= (c* —25)x* +2(25—3c)cx +c’y® =16¢?

>
c

(ilc=5 =e=—=1

oo

= S is a parabola.

(iii)  From part (ii), equation of S is y* =16 —4x.

For a =0, equation of y = % X —4 . Substituting into equation of S,

(x—8)2 =64-16x = x>=0= x =0, y =—4 is the only point of intersection.

(iv)  For point of intersection,
(1-a*)(x—8)" =64-16x
= (1-a’)x*+16a°x—64a°=0

—8a’+8a
=5 X=——
1-a®
8a
= X= or X =
a+l a-1

a+l a+l

_ _ A2
Hence the coordinates of Q and R are L 8a , Wi-a J and Lﬁl

For gradient of tangents of S,

Zyd—y:—4 = d_yz_g

dx dx y

Equations of tangents at Q and R are y —

41-a>  a+l (x— 8a j
a+l _Zafl—az a+1
= 2yy1-a’ =(a+1)x-8,A=a+1,B=-8
41-a’ __1-a (x— 8a j
a-1 2J1-a? a-1
= 2y\1-a? =(1-a)x-8,A=1-a,B=-8.

and y—

(v) Substituting Ir into lg,
(1-a)x—8=(a+1)x—8

= —ax+X=ax+X

=2ax=0

= x=0foralla, —-1<a<1, a#0 (Proven)




Suggested Solution

1
(1) For point of intersection of x=t*-2Int , y=4(t—1) and y:;,
1

At-1)=——
(=) t2 _2Int

t:1+4(t2—2lnt)

h(ta) = 4(ta” ~2Inty )
1

m,to:1

(i)t =1+

t1=1.25

t2 = 1.22397

t3 = 1.22854

ta = 1.22776

ts = 1.22789

te = 1.22786

Hence, « = 1.228 to three decimal places.

(i) A(L,0) and BGA)
P(1.097,0.912)

(iv) ForCu
X_p_2 WH_,

dt ot dt
For C»,
ﬂ_ 1

dx  x°
1.228 2 2 1.097 1 2
Arc length = I (Zt——) +(4)%dt +J. 1+£__2j dx
1 t % X

= 0.91876 + 3.28148
= 4.20 (3s.f.)

1.228 2
(v)  Surface area generated = 27z(t2 ~2 Int)\/(Zt —%j +(4)? dt

1

1.097 1 2
+j 27X 1+£——j dx
1 Ya

4

=5.96380 + 10.28167




=16.2 (3s1)

10

Solution:

H Xl X2 un _ Xiun+X2un—1
o (3 )0
_ un+1
()

= U, =XU +XU  =2au+buy-1

= X =2a, X, =b

@@ A= (Za bJ. Characteristic equation 2a-4 b ‘:0
1 0 -1
= (-4)(2a—-1)-b=0
= A*-2al-b=0
. 2ai4/4a22—4(1)(—b) Y e
Hence, the eigenvalues are a+\/ﬁ or a—m.
For eigenvalue a++a’+b, A—Al =[a_ a’+b b }
1 —a—m

Corresponding eigenvector: [

a+«/a2+bJ

1
a++a’+b b
1 —a++a’+b

For eigenvalue a—+/a’+b, A— Al —[

Corresponding eigenvector: (
1
D= a++va’+b 0 P:[a+x/a2+b a—x/a2+bJ
0 a—+a’+b 1 1

3 0 3a —
(iv) Giventhatb=3a2,D:(a ],p:[a aj

(iii)

0 -a 1 1

1
2
Vo




10

1
>
VR
S
o =
N—

(3
PD"P
a
3a —a)((3)" 0 |1(1 a)-a
(1 1) 0 (-a) 4_a£—1 BaJ(aj
_i (3a)n+l (_a)n+1 (1 a](_aj
“4al (32)" (-a)" -1 3a)l a

=i((3a)n+l_(_a)n+l a(3a)n+l+3a(_a)n+1J[_a

4a| (3a)"-(-a)" a(3a)" +3a(-a)" a
~ 1[_(3a)n+1 n (_a)n+1 n a(sa)ml +3a(_a)n+lJ

4 —(33)" +(-a)" +a(3a)" +3a(-a)"

. 1 n n
Sou =Z{(a—1)(3a) +(3a+1)(-a)"}

|

OR
a-1 3a-1
u,=——-@3a)" +——(-a)"
T2 (3a) 2 (-a)
11 | Solution
0) General solution of DE is x = Ae"
Whent=0,x=2
=>A=2
Whent=5,x=64
= 64=2¢e%*
=> k=In2
Hence, solution is x = 2e'"? = 2t
i) o————dx=tin2+C
X
X(1- )
2002
o 1+ ! dx=tIn2+C
x 2002- X

In|x|- In|2002- x| =tIln2+C

= = Be!™2, where B = + €

2002- x
Whent=0,x=2
B= 2 = 0.001
2002- 2

= x= 0.001(2')(2002- x)
_2.002(2')
1+ 0.001(2Y)

When t = 10,




11

(iii)

(iv)

(v)

2.002(2)
= —————— = 1013 (to nearest whole no.)
1+ 0.001(2™)
dx & X 0 1,
—=f(t,x) = (In2)x&l- +—+ —t
dt tx=( )gl 20020 2
Using Euler’s method,
X1 = Xo + hf(to, Xo)
=2+ 05§In2)(2)gl- ——=+ =(0)“v
% ) )gl 20029 2( )H
=2.6924
X2 = 3.6868
X3 =5.2122
X4 = 7.5764 ~ 8 (to the nearest whole no.)

As the estimation of the next term depend on the estimation of the earlier term,
the estimation becomes poorer after each iteration and is considered unreliable.

Using GC,

n Xn f(tn, Xn) Xn+1* f(tn+1, Xn+1*) Xn+1

0 2 1.3849 | 2.6924 1.9887 2.8434
1 2.8434 | 2.0931 | 3.8899 3.1910 4.1644
2 4.1644 | 3.3805 | 5.8547 5.1571 6.3024
3 6.3024 | 5.4797 | 9.0423 8.2393 9.7322
4 9.7322 | 8.7130 | 14.088 12.821 15.115
5 15.115 | 13.523 | 21.877 19.498 23.371




