Suggested Solution to 2017 SH2 H2 Mathematics Prelim Exam P1

No. Suggested Solutions
1(i) Method 1
p.q=0
p.q=0
2) («a
all1l]|=0
1)(6

20+a+6=0
o=-2

Method 2 (for marking reference)

X
Let w=| VY|
z
wWxp=q
X 2 a
yixla|=|1
z 1 6
y—az a
2z2—-x |=|1
ax—2y 6
Thus,
y-az=q --—-—-- @
27 —X=1----- (2)

2)xa +(3):

27 -2y=a+6
=2(az-y)=a+6

= 2(-a)=a+6 (from (1))

=>a=-2

1(ii)

Letw=|vy]|.




X 2 -2
yix|-2|=| 1
z 1
y+22 -2
2z2—-x |=| 1
—2X—-2y

Let z=A, 1 ll.
From (2): x=-1+24
From (1): y+24i=-"2=>y=-2-2A

X -1+22 -1 2
Thus, w=|y |=| -2-24 |=|-2|+A|-2|, Aell, which is the vector equation of the
z A 0 1
straight line. The set of vectors is
-1 2
W:w=|-2+A4|-2|,Ael]
0 1

2 (a) (i)

By GC, sum to infinity is 3.

2(a) (i)

u,=S,-S5,
—347%" (nz)—[3+ 7720 (n—1)2}
=3-3+77°" (nz)—7‘2”+2 (n2 —2n +1)
= 772" (n® —49n° +98n - 49)
= 77" (~48n° +98n-49)

=772"(8n-7)(7-6n)
where g(n)=-48n*+98n—49




2(b)

+e°—e? —e’+e™

+e" —e"t—e+e
=e"-1-n()+ne™
=e"+ne" —(n+1)

2 r X+2 X+1 )
- d
;)(joe e*t dx
el 1 Sl 1
=e X —e*” dx)—e ( eX —eX~ dx)
;(J.O ; .[o
9

—¢? [e” +20e™ ~(20+1) (e

=e? —e"—11e? +11e

+9e! —10)]

3(i) Method 1

h=BD+ DC, DC =asind, BD =bsin Z/BAD

/BAD + /DAE + ZOAE = 2n_%" _ 4?“

— /BAD+E4+[E_g|=An
272 3

— /BAD =9+%




— BD :bsin(9+gj

~h=asinf+bsin [9+gj
Usingsin( A+ B)=sin Acos B +cos Asin B, we have

h =asin0+bsin(9+§j

=asing+bsin ecos[§j+bcos asin (gj

:(a+gj5in 0+¥cos«9

=Rsin(0+a),
2 2 2 2

whereR_\/(aJrgj +[§b} :\/aeraberZJr%:\/a2+ab+b2

J3

—b
tang =2 — NEL —a=tan? NEL

a4 D 2a+b 2a+b
~h=+a?+ab+b?sin| @+tan? NEL

2a+b

Method 2

OB% =a’ +b? —2abcos%n

OB =+/a%+b%+ab




. b3
sina =
24a% +b%+ab
a=sin! b\3
2\Ja2 +b2 +ab
h= a2+ab+bzsin(0+sin1 b3 J
2\Ja2+b% +ab
3(il)
Sincea=1b=2,a=tan™ & —tant ﬁ
2+2 2
h=+7sin| #+tan? ﬁ ,ﬁ:\ﬁcos O+tant ﬁ
2 daé 2
Ato=L,
12
do do dh 1 «(05)

_— e X — =
dt dh dt
J7 cos anﬂan‘l [\/Zgﬂ

=—0.337 radians per minute

3(iii) (3 _ 3 5
a =tan (7j:>sma=\/;,003a:ﬁ
by/3

h =(a+9jsin0+—cose
2 2

If @ is small,
h=7sin(6+a)

=7 sin@cosa +/7 cosOsina

l3)o 5

2
=29+\/§—J‘;’29
NE

92
> +20+\/§




4(1)

Stretch
count,
n

Length of
string
before
stretch

Elongation

after stretch,

Un

Contraction
after stretch, T,

Final length of string

1

30

10

0.1

30+10-0.1=39.9

2

39.9

0.1-0.001
=0.099

39.9 +1O(E
11

=48.8919

j—0.099

30+10—O.1+10(—
11

=48.8919

10

—48.892 (3 dp)

—-0.099

A(ii)

Total length of string

=30+Uy +Up +.+ Uy — (L + T+ 4T

=30+10+10(Ej+.
11

n_
"+10(19J
11

—~(0.1+(0.1-0.001(1)) +...+(0.1-0.001(n)))

iZ;:ti :g[z(o.l)+(n_1)(_o.om)] :ﬁ(zm—n)

Length of string after n stretches

10" n
~30+110{1- = | |-—(201-n)
11 2000

A(iii)

t.>u

n n

0.1+ (n-1)(~0.001) > (10)(ﬁjnl

10

0.1+(n —1)(—0.001)—(10)@—0jn_1 >0

Using GC,

10"

-1
whenn=58,0.1+(n-1)(-0.001) —(10)(Ej =-7.1364x10"*

10

n-1
when n=59, 0.1+(n—1)(—0.001)—(10)(Ej — 0,00226

Therefore, the minimum number of stretches is 59.

A(iv)

S, =30+

Since the sum to infinity, S_ is 140, it is impossible for the string to be stretched beyond

10

——— =140 (since O<r<1)

110
11




140cm.
OR

The theoretical maximum is 140 cm so it is impossible for the strong to be stretched beyond
140 cm.

5(a)

iz+w=2 --—-- @

W =2+4i 2)
From (1),

Substitute (3) into (2) and let w= x+iy:
—i(2-w)W =2+4i
—i(2w*—ww*):2+4i
—i[2(x—iy)—(x2 + yz)}: 2 + 4
—2y—i(2x—x2—y2):2+4i

Comparing real and imaginary parts,
—2y=2=y=-1

22X+ X +y =4

= -2x+x2+(-1)" =4
= x?-2x-3=0

= (x-3)(x+1)=0

=>Xx=30rx=-1
Sw=3—-iorw=-1-i

Ifw=3-i,z=—i(2—(3-i))=1+i.
Ifw=-1-i,z=—i(2—(-1-i))=1-3i.

5(b)(i)

1 1 1 1
2

ol Jef (Vo) &
arg #]=—2arg( p)=—2(ﬁj:4_”

9 9
11 )

e pz_a2+b2




(b)(ii)

a’ +b? ;

(L
©|§

v

Re

JaZ+b?
e ;
(b)) ) sin (n—aj
SINa 3

Given ZOPQ =« =

1(a*+b?)
(2 +b2)§ _ J3cosa —sina
2sina

Ja?+b?

11 3x°
~=| 2| B-x- +
2 x[[ 2
2 2
:l ﬁ_l_ﬂ_'_x_ 1+X_
2 X 2 6 6
B 2 2
_1N3 V3 Xt B
2| x 6 6
_1/43 23
2_ X 6
V3.1 1
C2x 2 23




6(i)

Reference:

9
y:x+2+A
x—1

6(ii) X——a .

(2a,0)

(i) Point P is (2a, 2a+Db)
y—(2a+b)
X—2a
Hence, P lies on the line y =mx+(b+2a—2am) for mel .

From the graph, m <1 for the line not to cuty =f(x).

=m=y=mx—2am+2a+b




7(a) _[exc052x dx:exc052x+2jexsin 2x dx
=e*cos2x+ Z(eX sin 2x—2.[eX cos 2x dx )

5J'eX coS2x dx =e* cos2x + 2e*sin 2x

Iex cos2x dy = & (cos 2x5+ 2sin 2x) e
(b)(i)

x=t—e', y=3cos’t-1
dx =1-¢', dy 6cost(—sint) =-3sin(2t)

dt dt
dy —3sin(2t)

dx 1-¢
W _ o= sin(21)=0

dx

= 2t=0(N.A)or 2t =mor 2t =2n(N.A.)
=t _I
2
t 16 z 1.5
2

X | -3.35303 | -3.2396811 | -2.981689

d—y —0.0443 0 0.122

dx
NB: t increases as x decreases.
Hence x-coordinate of the minimum point at is g—eg.

(b)(ii)

-20

When y =2 x=t—e', y=3cos’t-1, for0<t<&r.
2=3cos’t-1
n—e’ x=-1
= cost =+1
=t=0,n

When t=0,x=0-¢e"=—1
Whent=n,Xx=n—¢e" =-19.9991
Area required

=J (2= v

I(Z (3cos’t— 1)(1—et)dt

j (3-3cos’t) (1-€')dt




:3Lo (1-cos’t)(1-¢")dt

:3J-:[1_ cos zt +1) (1—et)dt
[

:E.[:(l—cos 2t) (1-¢')dt

2
3 0 t t
=—'[ (1—0032t—e +e cosZt)dt
2 b
. . 0
3|, sin2t , e'(cos2t+2sin2t)
=—|t- -e +
2| 2 5 )
3| 4 4e"
=Z|—=—n+
2| 5 5
=—§n—§+§e“, wherea=—§, b=—§, C=§
2 5 5 2 5 5

8 (i)

BC=0C-OB=-a-bh=—(a+b)

(ii)

Since AOCD is similar to AACB, OD parallel to AB.
ob_co_1

AB CA 2

— 1(-a)+1(b -

o5 H-a)+1(b) b-a

(i)




7°=3
7=+3
-1 -1
OB=| 0 |or| O |(rejected". z-component >0).
B -5
(iv) Equation of line passing through OB:
-1
OB=A| 0 |, Ael
NG
XT_Z =u=>X=2+3u
% =pu=Yy=3u
I-1=pu=z=u+l1

Equation of line:

2 3
r= |0 |+u|3|,uel
1 1

Direction vector of line is not parallel to direction vector of line passing through O and B since
direction vectors of both lines are not scalar multiple of each other.

Solving equations simultaneously:

2+3u -1
3u =4 0
u+1 NE)

There is no value of 4 and u that satisfy the above equation.
Since the lines are not parallel and non-intersecting, the lines are skew.




o(i)

x=2sect and y=3tant
1+tan’t =sec’t
y2 X2

=>1+—=—
9 4

o(ii)

o(iii)

Method 1
dy _dy At geecry

dx dt dx ' 2secttant

1.5cosect = \ﬁ

t="or 2%
3

3
Whent:E,
3

=1.5cosect

x=23ecg:4, y:3tan§=3ﬁ.

Equation of tangent:




y—3/3=43(x-4)
= y:ﬁx—4J§+3J§
= y=3x-3

- k=—+/3 (Shown)

Whentzﬁ,
3

x=25ec%ﬂ =-4, y=3tan2?n=—3ﬁ.

Equation of tangent:
y+3V3=+/3(x+4)
=>Yy= J3x+4J3-33
= y=3x+3

~k=V3 (N.A. -~ k<0)

Method 2

x2 (VBx+ k)2

2 _WNOATR) 1

4 9

— —3x° —(83k ) x—(36+4k?) =0
Since the line y = J3x+k, wherek <0, isa tangent to C, there should be repeated roots.
Thus,

(83k) —4(-3)(-36—4k?) =0
— 192k? —432—48K? =0

— 144K? = 432

—k’=3

— k=3 (N.A. ~-k<0)ork=-3 (Shown)




/124

For k :—ﬁ,

~3x —(83(—VB))x—(36+4(3)) =0

3x?—24x+48=0
x?—8x+16=0
(x—4)2 =0

=Xx=4

2
2_9 X _
rof

Whenx:4,y:\/ﬁ:3\f§(y>0)
Required volume

:%n(3ﬁ)2(3)—n_[24y2 dx
=27n—9n‘[4(x—2—1} dx
2| 4

=27n-97 (gj
3

=3n
:9.42(3 sf)

v




10(a)

2
p=d o youx WYX (xj Y1)
X dx X
d_y:d_ux+u__(2)
dx dx
Sub (2) into (1):
d—ux+u:u2+u+1:>d—ux:u2+1
dx dx
1 odu_1
u2+1dx_x

J du= Jldx
u?+1 X

tan™u=In|x|+c , where c is an arbitrary constant.

tan"u=Inx+c (since x>0)
u=tan(Inx+c)

y =xtan(Inx+c)

10(b)(i)

Point A shows that at 4 dollars per kg, 1 tonne of rice is produced and all of it is bought by the
consumers.

This is the equilibrium point where the price is 4 dollars per kg and the quantity
produced/consumed is 1 tonne.

10(b)
(i)

C,:Q=—

C,:Q=k,P
When Q=1,P=4,

k =4k, ==.

Hence, C,:Q =

10(iii)

d_P:k3(4 P

le PZdP ket

—2j16 ~dP = jkdt

~2In[16—P?| =k t+c

|n\16—P2\=_7k3t+‘7C

—C

\16—P2\=e_2k3”2




-C k3
16— P? = (iezjezt

—C

16— P? =AeB‘,A=¢e2,B=_7k3
16— Ae® =P (P>0)

When t=0,P=3:
16— Ae®® =3

16— A=3°

A=7

When t=1,P =3.65:
16—7e® =3.65

16-3.65°
n—

B=I =-0.96102663 = —-0.961

- P=116-7¢ %"

P — ’16 _ 7e—0.961t

10(iii)

Rice production will only occur if the price is able to at least cover the initial cost of

investment.




