(i)

(iii)

W, =3 W,=3+2x2=7
Consider codewords of length n — 1.

If the (n—1)" letter is A, then there are 2 choices; A ,C for the n" letter.
Similarly if the (n—1)" letter is J, then there are 2 choices; J ,C for the n" letter.

If the (n—1)™ letter is C, make it such that there are 2 choices; for the n" letter say A, C.
There are 2w, , such codewords.

The case that is missing is codewords of length n — 2 followed by C and then J, ie w,, .
SOW,=2W , +W ,, n=345..

Alternatively,

If the first letter of the codeword is C, then the number of possible codewords of length n
isW, , .

If the first letter of the codeword is A, then the number of possible codewords of length n
IS W, - no of codewords of length n-1 starting with J

If the first letter of the codeword is J, then the number of possible codewords of length n
IS W, - no of codewords of length n-1 starting with A

W, =W, , +(w,_, —no of codewords on length n-1 starting with J)
+(w,_, —no of codewords of length n-1 starting with A)
=W,_, +(2w,_, —no of words on length n-1 starting with A or J)
=3w,_, —(no of codewords on length n-1 starting with A or J)
=3w,_, —(w,_, —no of codewords on length n-2 starting with C)
=3w,_, —(W,,—W,,)
=2w,_,+wW, , ,n=345..

Characteristic equation: x*-2x-1=0

X:2iJ4—MDCJ)=2iJ§:1iJ§

- 2(1) 2
Solution has the form w, = c1(1+ \/E)n +c, (1—\/§)n
Since u, =3, 3=¢(14v2)4¢,(1-v2) e (1)

Since u, =7, 7=c1(1+\/§)2+c2(1—\/§)2
= 7=CJ3+2J§yH§@—2J§) ------ )
(1)x 2: 6:201(1+\/§)+2c2 (1—\/5) ------- 3)
(2)-(3): c,+¢c,=1
From (1), 3:c1(1+\/§)+(1—c1)(1_\/§)
3=1-2+2c2




c _2+\/§_1+\/§

1 2\/5 - 2
1-2
¢ ="

Therefore, the solution is

=[5 ey 5 o)

Z%{(l+\/§)m+(1—\/§)nﬂ} for n>1, neZ.

=
i 5
3 =14
o B
a=tan™3, ﬂzsin‘l[%j
arg(z) =a—p=tan"'3-sin™ (%} and |z|:\/€

By trigonometric addition formula,
cos(a —f8) =cosacos f+sinasin B




_ 1 6 3 2 e+6
V10410 V10410 10

sin(a— ) =sinacos f—cosasin 8

346 1 2 3/6-2
V10410 V1010 10

z=~/6[cos(a - B)+isin(a-pB)]

5 J€+6+i3J6—2 :3+3\/€+i9—£
10 10 5 5
3
Consider d_A: rA(l—éj
dt k
rk
3 %%;(‘4("‘?_)

dr

e rﬂ(l’é)ﬁh

rk

For sustainable yield, the maximum point of the graph above must be above the horizontal axis.
So, ——h>0= hsﬁ
4 4

Therefore maximum sustainable yield is h,,, =—

rk
4
d—A: rA(l—éJ—qA
dt K
_ TA(k—A)—gkA
- k
_ A(rk—rA-qgk)
- k
_ A(k(r-qg)-rA)
K

_ﬂ(k(r—q)_Aj
ok r




When — =0, A=
dt

For sustainability in the long run,

dA k(r-q) or A=0
r S 4

M>O * A= "E(""i]
k(r—g)>0 ~
O<qg<r -
v
Q) Substituting the equation of the tangent into the line I,

(i)

2 2
= h?x? Jraz(mzx2 +2cmx+k2) = a’h?
:(b2 +a2m2)x2 +2a2kmx+a2(k2 —bz):O

Since y = mx+k is tangent to the circle, the roots of this quadratic equation are real and
equal,

Discriminant =0

= 4a’k’m? = 4a> (b2 n azmz)(k2 —bz)
= a’k’m? =b’k? —b* + a’k’m? —a’h*m?
=b’*+a’m? =k?

The equation of the line | is mx—y+k =0. The perpendicular distance from the focal
point S (c,0) to the line | is given by

Qs = mc—-0+Kk
VI2 +m?
_|mae+k|

since c=ae

J1+m?

Alternatively use similar Triangles.
Let C be the point (0, k) and D be the point where the tangent cuts the x-axis ie

(10

Then ADQS = ADOC

k
———ae
as|_|bs|_[os|_| m
OC| |DC k

j‘ﬁ‘_ |-k —mae|
k'l |k[vm*+1
_|mae+k|

=Qs=—"
J1+m?




Imae + k| 5 Imae — k|
Ji+m?  A1+m?

(i) QSxQ'S'=

m’a%e? — kz‘
1+m?
m’a’e’ —(a’m’ + bz)‘

1+m?
m%a’ (e2 —l)—b2

b2
m?a? [_azj_bz o7

= since e=,/1-—
1+m a

(iv) By reflective property of ellipse, ZS'PQ'= ZSPQ
Using vertically opposite angle, Z/QPR = ZS'PQ'
- ZSPQ = ZQPR
.. ASPQ = ARPQ (similar — AAA)
But PQ is a common side ie . ASPQ = ARPQ (congruent)
SQ =RQ.

(v) Since PR=PS as ASPQ=ARPQ, S'/R=S'P+PR=S'P+PS =2a

(vi)  Joining Oto Q, since SO:SS'=1:2and SQ:SR=1:2,
S ASOQ = ASS'R
0oQ 1 1
L—=—=>0Q==(2a)=a
S'R 2 Q 2( )
Therefore Q lies on the auxiliary circle X* +y* =a’.

Given, OQ'=a
Denote SQ=u,S'Q'=v
2 2 a2 2 R
Using cosine rule, cosLOSQ:C fu-at_u b since ¢® =a* —b?
2cu 2cu
2,2 a2 2 R
cosAOS'Q':C +vi-a® v b
2¢cv 2¢cv

Since cos £0SQ =-cos Z0S'Q" (corresponding angles),

2 2 2 2
We have Y —b =—[V —b ]

2Ccu 2cv
vu? —b%v = —uv? +b%u
vu? +uv? = b?v+b?u
vu(u +v):b2 (V+u)
~uv=b? ie. QSxQ'S'=b’




Take U ,v €PB,, where u=uy+uXx+u,X* and V=V, +V,X+V,X*, u,v, €] , i=12,3
T(U+V) =T ((Uy +V, )+ (U +Vy) X+ (U, +,)X)
= ((Ug + Vo) +3(u, +V; ) +2(U, +V,))

+((up +Vy) = (uy +v,) = (U, +v,))

+(2(ug + Vo) +2(u, +V,) + A (U, +V,)) X2
= (Uy +3U; +2U, ) +(Uy —U, —U, ) X+ (2U, + 2u, + Au, ) X?
+ (Vo +3V, + 2, ) +(Vy =V, =V, ) X +(2V, + 2V, + AV, ) X?

=Tu+Tv
Take well® and o e[l , where W =W, + WX+W,X*, W, e[l ,1=12,3
T(aw) =T (a(wo +W1X+W2X2))
=T (awo + aw1x+awzx2)
=(aw, +3aw, + 2aw, ) +(aw, —aw, —aw, ) X+ (2aw, + 2aw, + Aaw, ) X*
= ar (W, +3W, +2W, )+ a (W, =W, —az, ) X + ar (2w, + 2w, + Aaw, ) X
:a((wo+3w1+2W2)+(W0—Wl—az)x+(2wo+2w1+/1awz)x2)

_ 2
=al (wo + W, X + W, X )

Therefore, T is a linear transformation.  (shown)

T (ao +a1x+a2x2):(a0 +3a,+2a,)+(a, —a, —a,) x+(2a, + 2a, + Aa, ) x* may be expressed as

a, a, +3a, +2a, 1 3 2
T|a |=| a,—a —a, |andTmay berepresented by the matrix A=|1 -1 -1
a, 2a, +2a, + Aa, 2 2 A
1 3 2 1 3 2 13 2
1 -1-1->/04 3 |01 °3
2 2 A 0 0 1-24 0 0 1-2

For 2=1,rank R=2
For 2#1,rank R=3

When 1 =1,
1 3 2 1 3
1 -1 -1|-»|0 1
2 2 1 00

Basis for R:{1+x+2x2,3—x+2x2}
Let X, =04,

O ~rw N




Basis for N ={1—3x+4x2}

Take 1-3x+4x* e N, 1+ x+2x* eR,
we have (1—3x+4x2)+(1+x+2x2):2—2x+6x2

Equating2—2x +6x* = ¢(1—3x+4x2) gives no solution. So, 2—2x+6x* ¢ N
Equating 2—2x+6X* = p(1+ x+2x* ) +y(3-x+2x)
i.e. 2-2x+6x" =(p+3y)+(p—y)x+(2p+2y)x* , which gives no solution.

So, 2—2x+6%x° ¢R
Therefore, 2—2x+6x>* ¢ RUN and Ru N is not closed under vector addition, hence it cannot
be a vector space.

(i)

Let D = total before beer — total after 1 pint of beer

H,:m, =0

H,:my, <0
Player A B C D E F G
Total before drink 101 85 140 100 100 65 85
Total after one pint of 141 81 180 125 101 60 100
beer
D -40 4 -40 -25 -1 5 -15
Rank 6.5 2 6.5 5 1 3 4

P =sum of positive ranks =5
T =min(P,Q)=5
From MF26, for n=7, 1-tailed test at 5% significance level, critical regionis T <3 .

Since T =5 lies outside the critical region, we do not reject Ho and conclude that there is
insufficient evidence at 5% significance level that the median score has improved after drinking
one pint of beer.

(ii)
The positive differences are very small and the negative differences are large, so a simple sign
test based on signs and not taking the magnitude of the differences is likely to mislead.

Asn=40is large, T =min(P,Q)~ N (n(n+1),n(n+1)(2n+1)

4 24
ie T~ N(410,5535)
To accept H, at 5% level of significance, we must have
T-410

/5535

ie T >287.62
But since T =min(P,Q), the largest T is 410.
Therefore 287.62<T <410

j approximately

>—-1.645

(i) For one packet of seeds the expected frequencies would be 12, 6 and 2 respectively.
As 2 is less than 5 the »° test cannot be conducted




(i)  Forall E; tobe =5, the minimum is 30:15:5, ie 50 seeds, so at least 3 packets are
needed.

H, : Ratio of red, blue and white flowers is 6:3:1 respectively.
H, : Ratio of red, blue and white flowers is not 6:3:1 respectively.

Total frequency =5 x 20 =100

Freq
colour Oi Ei

red o1 5 4100 =60

10
blue 38 ix100:30

10
white 11 ixlOO:lo

10

> 0i=100 >Ei=100

Number of classes, n =3,
.. number of degree of freedom v = no of classes — no of restrictions =3-1=2
At 5% level of significance, we reject Ho if p—value <0.05

: (Oi — Ei)2
i=1 Ei
Using GC, p-value=0.167 >0.05 .. do not reject Ho

We conclude at the 5% sig level that the observed colours are consistent with the message on the
packet.

chalc =

()
Since n=60 is large, by Central Limit Theorem,
<~ N (x,ij
60
z=X "4 N (0,1)
60
P(-1.96<Z <1.96)=0.95
Pl -1.96< X =% <1.06|=0.95
60

Pl -1.96 /i <X -1<1.96 /i =0.95

60 60

(i)

For the confidence limits,




-1.96

=X-1 and 1.96 /i=>2—1
60

8>

1.96

1.96,| 7 | =(20.1-2)

g~ 2% 2~
Il
—_
X|
4
~

0.0641 = 404.01-40.24 + A°
A% —40.2641+404.01=0

From GC, 1=19.00 and A4=21.27 (2dp)
Therefore the confidence limits are 19.00 and 21.27.

(iii)
Since u =4 =22 lies outside the confidence interval (19.00,21.27) , we reject H, and

conclude at 5% significance level that there is sufficient evidence that the discipline master’s
claim is not correct.

9 Assumptions: The samples are independent and taken from populations with equal variance
Let 1, and g be the mean yield of blackcurrant due to fertiliser A and B respectively.
Ho© sty = g
Hy - > pg
L A-B :
Under H,, the test statistic is T =T ~t(n,+n; —2) ie t(18)
S /—+—
r-]A nB
where s is the pooled estimate of the common population variance.
For one-tailed test at 10% significance level, we rejectH, if p—value<0.1
Using GC,
a=4r.1
b=425
p —value =0.279
Since the p-value = 0.279 > 0.1, we do not reject H, and conclude at the 10% significance level
that there is insufficient evidence that fertiliser A produces a greater yield than fertiliser B
10 For y>c,

G(y)=P(Y <y)




i(F(y)—F(o)j

“dyl 1-F(c)
_ f(y)
1-F(c)

[A1]
Therefore

LS VI
g(y)=41-F(c)

0 , y<c
[A1]

002 —Etz _1'[2 * _1
(i) 1—F(1)=P(T>1)=jl Ete3 dtz{ee' } —e 3
1

265" 10
(i) f(t)=43 o
0, t<0
Let W be the chargeable duration per call in minutes
_ftw) , w>1
g(w)=41-F(@)
0 , w<l
2 L Ly
—e3we 3 |, w21
g(w) =13
0 , w<l

0 2 ; 7£W2
— —n3 3
E(W)_L W.3€ we 3 dw
Using GC, E (W) =1.887355

Therefore, expected amount being charged
=1.887355x0.3

=0.56620
=$0.57 or 56.6 cents

w .2 L Lp
anw 2 _ 2 3 3 _
(iii)  From GC, E(W )_J.l W .—3e we 3 dw=4




Var(W)=E(W?)-E*(W)
= 4-(1.887355)*
=0.43789

30
Let S:= Z(O.B\N) be r.v. denoting the call charges in $ per month.

i=1

E(S)=30x0.3x1.887355=16.986195

Var (S)=30x(0.3)* x0.43789 =1.1823049
Since n=230 large, by Central Limit Theorem,
S N(16.986195,1.1823049)
P(S >18)=0.175571

1

So, expected number of months =
0.175571

=5.70 (3 sig. fig)

11

P(Y=r)=P(X=rnY-=r)
+P(X=r+lnY=r)
+P(X=r+2nY =r)




_eAR) L _q03
" I

Therefore the number of customers joining the queue for corporate banking service in any one-
minute interval follows a Poisson distribution with mean Ap .

(ii)
Y ~PR(4p)
P (no customer joins the queue for the personal banking service|Y =k)
=P(X =k|Y =k)

P(X =knY =k)
T P(Y =K)

i
= e—ip (ﬂ,p)k

k!

—A+Ap

=e
— e_ﬂ(l_p)
For t-minutes interval, Y ~ P, (A pt)
F(t)=P(T£t)=P(Y3 1)
=1- P(Y =0)
=1-e*"
Differentiate to obtain p.d.f. of T,  f(t)=Ape ™"
ie T follows an exponential distribution with parameter Ap .

Let the time he can take for his toilet break be a.
P(T > a) >0.9

j:/lpe-mdt >0.9

[—e*ﬂpt]: >0.9

e >0.9
B In0.9

Ap

acs<

=2.34 mins (3 sig fig.)




