2017 H2 MATH (9758/02) JC 2 PRELIM — SOLUTIONS

Qn Solution
1 Complex 2
0 Given |z| =3, arg(z):%[,
2 |2 2.
S ()

@) | -2 2

3l 2
3 1.
=—+=i
3 3
(iii) _9i
2w _ —3+1i (1+ik)
z* 3 3
:—3+£ki+—|—1k
3
Since —— is purely imaginary,
ﬁ—lkzo
3 3
k=A/3
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Qn

Solution

Differential Equations

(i)

2

dr*  (t+1)°

dx

= =|2(t+D3 dr
=]+

dv 2(+D)°
dt -2
=—(t+D)*+a
x=[~(t+1)" +a de

+a, whereagell

=(t+1) " +at+b, wherebell

=i+at+b, where b €]
t+1

(i)

%:k—cxz, k,c>0

d¢
When x=0.5, d—x=0
d¢

k = ¢(0.5)°
c=4k
dx

e k —4kx® = k(1-4x) (shown)

(iii)

bt =k(1—4x2)
d¢

| L sdv=[kds, 1-4x"#0
1-4x
1 1+ 2x
——1In
2(2) 1-2x
1 [1+2x
=In
4 |1-2x
1+2x
1-2x
1+2x
1-2x
Whent=0,x=1,
+2_
1-2
A=-3

=kt+d,d el

=kt+d

In =4kt +4d

+e*H4d = ge** \where 4 =+e*

1+2x _ _geth
1-2x

1+2x =-3e* +6xe*
x(z - 6e‘”“) =3 1

3™ -1 143%™ 1 1
2—6e*  pet _2 eM_1 2
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Qn Solution
3 | Functions
(D) | Let yzln(x2 —1).
x=1vy1+e’
Since x>1>0, ..x=+1+¢" .
D =R,
=[]
fhix>Jl+e", xel
(i)
0 ! [(14r0)
x=1
(i) )
(4.8)
y=g(x)
(0:4) (24)
2 (10) (8.0)
(iv) | Since R, =[0,3]<[0,8)=D,, therefore the function gh exists.

Restrict D, to be [0,3]

From the graph in (iii), R, =[0,6].
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Qn Solution
4 Techniques of Integration and Summation
Q) 1 T2 3 n=2 -l
A, =—(e°+e"+e"+e" R -k J
n
eo[l—(ei) j
_1
n 1—e1
1 1-e e-l
n 1—e1 n(e'l—l)
c=e-1
(ii) 2 3 2 3
0 —1=| L xt et |—l= Xt et et
21 3! 21 3!
2 3
|im1(ex—1)=|im[1(x+x—+x—+...ﬂ
x—=0 x =0 x 2| 3'
. X xz
=lim| 1+ —+—+...
x>0 21 3!
=1
i . - : -
(i) lim ell :Ilrrglel
n~>oon e; _1) X—> 4 ex—l
( (e
=e-1
(iv) | e—1isthe exact area under the graph of y =e* fromx=0tox = 1.

1
area = _[0 e'dx=e-1

. . A+B .
Since the graph of y =e" is concave upwards, and — > ~ is the sum

. . 1 .
of the area of » trapeziums each of width —, the area of all trapeziums
n

will be greater than the exact area under the graph, which is J'Ole*dx :
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Qn

Solution

Permutations and Combinations

(@)
(i)

Total number of possible passcodes
=26x25x24x10x9x8x7 = 78624000
or

=?C,x3! x C, x4!1=78624000

or

= P, x '°P, = 78624000

(i)

Case 1: 1% digit 4, 6, 8

46,8 8 choices 7 choices
(3 choices)

1,3,57,9
(5 choices)

Number of possible passcodes
=26x25x24x3x8x7x5=13104000

Case 2: 1% digit 3,5, 7,9

3,5,7,9 8 choices 7 choices
(4 choices)

4 choices

Number of possible passcodes
=26x25x24x4x8x7x4=13977600

Total number of possible passcodes
=13104000+13977600 = 27081600

(b)

Total number of possible passcodes
|
=26°x10* ><L =6151600000
4131
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Qn Solution
6 Discrete Random Variable and Probabilit
() X 1 2 3 | 4
P(X :x) 0 | 30 | 50 k
Since ) P(X =x)=1,
all x
0+30+50+k=1
S k=1-960
Probability distribution of X is
X 1 2 3 4
P(X:x) 0 | 30 | 50 |1-90
(i) | E(X)=1(0)+2(30)+3(50)+4(1-99)
=0 +60+1560+4—-360
=4-140
E(X?)=12(0)+2°(30)+3 (50)+4° (1-90)
=0+1260 +450+16-1440
=16-8660
var(X)=E(x?)-[E(xX)]
=16-860 —(4-146)’
=16-860 - (16 -1120+1966" )
= 2660 —1966*
(iii) Y=a+bX

Var(Y)=Var(a+bX)
Var(Y)=b*Var(X)

Loy (269—19692)
3

1960° —26¢9+%:O (~+b=0)

Using GC,

0=0.0144 or 6 =0.118 (rejected -~ 0< 9<%)
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Solutions

Binomial Distribution

A binomial distribution is appropriate as there is a large number of lego
pieces with constant probability 0.15 of them being red suggests
independence in selection. Moreover, there are only two possible outcomes
(red or non red).

(Answer provided by SEAB.)

Let X be the number of lego pieces, out of 20, that are red.
X 1B(20,0.15)

P(X>4)=1-P(X <3)
=0.35227
=0.352  (3sf)

(i)

Let Y be the number of boxes of lego pieces, out of 50, that contain at least
4 red lego pieces.

Y [1 B(50,0.35227)
P(Y <19)=0.71498
=0.715 (3s.f)

(i)

Let 4 be the number of lego pieces, out of 20, that are red.
Al B(20,p)

P(1< 4<4)=0.22198
P(A4=1)+P(4=2)+P(4=3)=0.22198

(Zlojp(l—p)19 +(220j pr(1-p)* +(23Oj p*(1-p)' =022198

20p(1-p)° +190p (1~ p)"° +1140p° (1~ p) ' =0.22198

Since 0.2< p<1, p=0.250(3s.f)
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Qn

Solution

8 Hypothesis Testing
Q) Using GC,
Unbiased estimate of population mean is x =325.58 (2 d.p.)
Unbiased estimate of population variance is s* =1.5326” = 2.35 (2 d.p.)
Let « denote the population mean volume of shampoo dispensed by the
machine.
_ 2
Given X ~ N(,u,az) X~ N[,u,a—j
n
Ho: x =325
Hi: x>325
Test statistic: Z = % Al el
ternatively,
n Y
Level of significance: 5% Reject Ho if z-value >1.6449
. . Under Ho, using GC,
Reject Hoif p—value <0.05 z-value = 2.9314 or 2.9482
Under Ho, using GC,
p—value =0.00160 (3s.f)  or 0.00169 (3 s.f)
Conclusion:
Since p—value =0.00169 < 0.05, we reject Ho and conclude that there
is sufficient evidence, at the 5% significance level, that the mean
volume dispensed is more than 325 ml.
Thus, the assembly manager’s suspicion is valid at 5% level of
significance.
There is a probability of 0.05 of concluding that the mean volume of
shampoo dispensed is more than 325 ml when in fact, it is 325 ml.
(i) Ho: 4 =325

Hi: 325

Given X ~ N(,u,az) X~ N[,u,o_—zj
n

Test statistic: 2 =2 —#
O
7

Level of significance: 5%

Since Ho is not rejected,
—-1.9600 < z — value < 1.9600

X —325
1.2

50

324.67 <X <325.33 (2d.p.)
(¥ el) :324.67 <X <325.33)

-1.9600 < <1.9600
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Qn | Solution
9 Correlation and Regression
(i) | Let k be the missing housing price index for 2011.

F=111775 and 7= o2tk

Since y and x lies on the regression line,

111.775=54.271+ 0.48363(%)

k=136 (3s.f.)(shown)

(i)

12311 X

]
! X

100 148

N
100 + X

From the scatter diagram, as x increases, y increases at a decreasing rate.
Thus the linear model might not be the most appropriate model.

(iv) | (Note that there is no clear independent variable.)
From GC, an appropriate regression line would be

Jx =0.0896)y +0.860 (3s.f)

When y=134.6, from GC, x=167 (3s.f.).
The estimated housing price index in 2016 is 167.

Since y =134.6 falls outside the data range of y, the linear correlation

between y and Jx might no longer hold and thus, the estimate is
unreliable.
(iv) | FromGC, r=0.979 (3s.f.).

v)

The product moment correlation coefficient between /i and -2
100 100

does not differ from the value obtained in part (iv) as the r-value is
independent of the scale of measurement.

Note that: ﬁ = 1—3 means that the values of+/x undergo a scaling

of 10 units and ﬁ means that the values of y undergo a scaling of 100

units.
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Qn

Solution

10 Normal and Sampling Distribution
(i) Let X be the mass of a randomly chosen nut in grams.
X~N (,u,o*z)
O'2 2
X~N s and X, +...+ Xy ~ N(504,500°)
Given
P(X <247)=0.018079 and P(X,+...+ X, >12600)=0.78397
Standardizing, Z ~ N(0,1)
12600 —-50u
Pl Z> 0.78397
Zj oomanns | P27 2 )-
&
ot P(Z 12600 5O“j 0.21603
ot~ 2005146 V500
" 1260080 o 2o
1 —0.29629840 = 247 ...(1) 500
504 — 0.7856714(@0) =12600...(2)
Solving equation (1) and (2), using GC,
w=255 (nearest gram)
o =27 (nearest gram)
(if)(a) | Let Y be the mass of a randomly chosen nut in grams.
Y ~ N(250,5%)
Let 77 be the mass of a randomly chosen bolt in grams.
W ~N(745,7.3°)
W —3Y ~ N(745-3x250,7.3° +3° x5°)
i.e. W —3Y ~ N(-5,278.29)
P([w -3Y|>40) =P (W —3Y <-40)+P (W -3Y > 40)
=0.0214 (3s.f.)
(b) Let T be total mass of 10 randomly chosen nut, made using new material,

in grams.
T =0.9%,+0.9, +...+0.9%,, ~ N(10x 0.9x 250,10x0.9° x5

T ~ N(2250,202.5)
P(T <2240)=0.241 (35 f.)
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