2017 NYJC JC2 Prelim 9758/1 Solution

1

k
Sum of numbers in kth row = Zr =§k(k+l)

Required sum =

r=1
ok (k+1)

273

k=1

li(kuk)

25
%n(n+1)(2n+1)+in(n+l)
%n(n+l)(2n+l+3)

én(n+l)(n+2)

2(i)

Differentiating 2x - y* = (x + )’ (1)

implicitly with respect to x,
dy @j
2-2y—=—=2(x+y)| 1+—
y ] ( Y ) [ ]

Where tangent is parallel to the x-axis, dy _ 0.

Sub (2) in (1),

dx

2:2(x+y)
y=l-x @

2x—(1—x)2 =(x+1—x)2

x? —4x

+2=0

(A 4O) L, 5

X

2
When x=2-+2, y=1-(2-v2)=-1+2
When x=2++/2, y=1—(2+\/5)=—1—\/5
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N
2(ii) dy ( dy}
2-2y—=—=2(x+y)|1+—=
v =2 y) I
dy
2= 2(x+y)+2(x+2y)—
dx
2= 2(x+y)+2(x+2y)d—y
dx
d_y 1= (x + y)
dx x+2y
When x=0, y=0, — o =0.
dx
Hence normal to C at the originis y =0.
When x=2, y=-2, _1
dx -2
Tangent to C at A (2,—2) , y—(-2)= —%(x -2)
Where the normal and the tangent intersect,
1
2=-—(x-2
L(x-2)
x=-2
Area of triangle OAB = %(2)(2) = 2 units®
3(i) Since a is real, the polynomial equation has real coefficients, and thus all non-real roots must be in
conjugate pairs. Since the degree of the polynomial is three, there will be 3 roots. The highest even
number below 3 is 2.
3(ii) Z+az’ +az+7=0

(<7) +a(-7)" +a(-7)+7=0
a=38
2 +82° +82+7=0
(Z+7)(22+Z+1):0
~1+iV/3

2

i2r _i2z

z=Te", e e 3

z=-Jorz=
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3(iii) iz’ —82* +8iz+7=0
(iz) +8(iz)’ +8(iz) +7=0

From (ii), replace z with iz
iz=7e",e? e ?
=z=-i7¢", —ie ? ,—ie 3
iz iz 21 iz _i2x
—=z=e¢ 277, e 2e3 ,e 2e ?
in i iSr

=>z=Te?,eb,e°

4(i) x—1=3tand

H:356020
do
1 1
I—dx=j—dx
Vx* =2x+10 ‘/(x—1)2+32
= ! -3sec’ 9 do
\/(3tan 0)2 +32
:I ! -3sec’ 0 do
3secd
:J‘secé? do

=1n|sec€+tanl9|+C

|\/x2—2x+10+x—1|
3

=In +C
| 3 |

Page 3 of 13




2017 NYJC JC2 Prelim 9758/1 Solution
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4(ii)

x+3=%(2x—2)+4

J‘ x+3

VXt =2x+10
_J- %(2x—2)+4 &
VxP=2x+10

2x-2 drt

_1
_ZI«/x2—2x+10 I\/ +32
¥ —2x+10 Ao

1
R 1)2+32

x*=2x+10 +4In i +=—|+C
\/271041%)6 §x+10 xl%

dx

3

5(1)

Jroo
Wr+l 2r+1+1
_(2%@+ﬁ)—(2ﬁﬁ+ﬁ)

(2\/?+1)(2\/m+1)

_ Jr=r+1
(2\/?+1)(2\/F+1)

- Jr=r+1

Z(Z\/;+l 2r+1+1) Z[f f(r+1)]
:f(l)—f(z)
+f(2)-f(3)
+‘t:(n)—f(n+l)
—£(1)-F(n+1)

f(r)—f(r+1):

_l_ Vn+1
3 2Jn+1+1
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n
> i Jr—r+1 :limi Jr Vsl
— (2ﬁ+1)(2ﬁ+1) o> e (2\/?+1)(2M+1)
— lim l_ﬂ
ol 3 2\/m+1
|1 |
= Jim 3, 1
Jn+1
o
S(Iih Z Jril-re2 :Z Jr—ril
— (2M+1)(2M+1) = (2ﬁ+1)(2ﬁ+1)

Z N
— (2ﬁ+1)(2ﬁ+1) 3242 +1)

1 Amv2 142
3 2Jn+2+1 3(2V2+1)
B \/E B Nn+2
2W2+1 2Un+2+1
Need V2 n+2 <-0.1
2241 2dn+2+1
n 2 _ An+2
2W2+1 2n+2+1
56 -0.099797
57 -0.100043

Using GC, least n =57
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2x+p
x*+x-6

6(i)

y=1+

d_y: 2(x2 +x—6)—(2x+p)(2x+1)
dx (x2+x—6)2

%: 0=2(x"+x-6)—(2x+p)(2x+1)=0
27 +2px+124+p=0
4p*—4(2)(12+p)>0

P=2p-24>0

(p+4)(p—6)>0

p<-4 or p>6

6(ii)

(—5.16,0.785)
(-2+/3.0)

-
W) | e s 2xt7

2—x)(x+3)

+i2_ 12—x2
(x—=2)(x+3)

Sketch y =—/12—x" (as above)
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—2\/5 <Xx<-3 0R -2.92<x<1.46 OR 2<x£2\/§

7(i)

. . C . =
Every horizontal line y = k cuts the graph at most once. This implies g is one-one. Therefore £
exists

g’lle—>l—3,xeR,x¢0
X

7(ii) {xeR|x¢0}

7(iii) R, =D, = R\{-3},D; =R".

. -1 .
Since Rg,1 zD;, fg does not exist.

7(v) | k=-3

7(v)
(@)

>y:f(x)

v
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7(iv) h(x) =h"' (x)
(b) h(x) =X
1
=X
x+3
X +3x-1=0
Since x <=3, x =-3.30 (3sf)
8(i) (x - 1) = (e +e” ) =eX 42+ e
(2y = (e -e” ) e
Hence (x—l) —(2y)2 =4
x—1 g
( 22 ) _y2 =1
Alternative solution by students:
(x-1)+2y=2¢" __ (1)
(x-1)-2y=2¢" )
(D*(2):
()c—l)2 —(Zy)2 =4e'e’ =4
8(ii)

<
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8(iili) | When x=3,3=1+¢'+¢"’
e+e’ =2
t=0
When x=1+e+e', =%l (t=1:y>0,t=-1: y<0)
x=1+e'+e”’
dx _ i o
d¢
lre+e !
Area of required region = 2 L ydx
1et_e_[ t ot
—2_[0 5 (e —e )dt
1 2
=I0(e’—e’[) dr
=I01(e2’—2+e_2’)dt
:[lezt_zt_le—ztjll
2 2 0
| Llen Lea g
2
=l(ez—e’2) 2
2
i 2
8(iv) (x—l) -
2 T

(x=1)"=2(1+)")
x=1+21+)* sincex>1
Volume =ﬂI:x2dy—ﬂ(32)(4)
4 2
=;zj0(1+2 1457 ) dy 367

=335 units’ (3 s.f)
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9(i)

. ([ A-u 0 1 -1
OP={1+2u |=| 1 |+A| O |+u| 2
2-31 2 -3 0

Locus of P is the plane with equation

0 1 -1
r=|1(+A4] 0 |+u| 2|, Auel
2 -3 0

9(ii)

1 -1 6
Normal of the locus of P (plane), ( 0 ]x( 2 J = (3}
-3

)

Hence the line / and the plane are parallel.

6 0) (6
Equation of the plane, r-| 3 |=| 1 |-| 3 |=7
2 2)(2
1) (6
1{-|2[|=8=7
0)\3

Hence / is parallel to the plane and does not lie in the plane.

Hence points P and Q will never meet.

[Note that it is not sufficient just to show that / is parallel to the plane as it may actually lie on it. One
must still need to show that there is a point on / that is not on the plane]

Alternatively, one can check that

Mq0 @ Nad
0 _xLl-

1%% 2%3% 7 forall ¢1 0.
05 & 3eH82%

9(Gii)

Shortest distance between P and Q is the distance between the line and the parallel plane.

@

2

7
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9(iv) | Lines / and m are non-parallel. Hence k # 1.
If the two lines intersect,

1 2 1 2
k|+s| =2 [=|1|+¢] 2 for some s,7 e[
0 -3k 0 -3

I+2s=1+2¢t (1)
k-2s=1-2¢t (2)
—3sk=-3t __ (3)

From (1), S=t

Substituting =t in (2), k =1

S=t and k =1 satisfies (3)
Thus for the system of linear equations to be inconsistent, k # 1.
Hence lines / and m are skew when &k # 1.

9(v) | Let F be the foot of perpendicular from X to line /.

SN Ey—
({3
8316

—-17+17t=0
t=1

{3

F=(3-1-3)

10 Let S be the distance between the front of the car and the train at time £.
s =+/x>+30% and x* = (40—-30¢)* +(20¢)°
5 =J(40-30£) +(20£) +30° =~/1300¢% —2400¢ + 2500

10(i N
® % = %(130(»2 —2400¢ +2500) 2(2600¢ —2400)

When ¢ =1, 9 =2.67
dt
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10(i) At stationary point i—s =0
t

1

%(1300:2 —2400¢ +2500) 2(2600¢ —2400) = 0

2600t -2400=0=>¢ =2
3
dzs 1 2 _%
? = 5 (1300¢~ —2400¢ +2500) 2(2600)

3
+(—%) % (1300¢> —2400¢ +2500) 2(2600¢ —2400)

12 d%
When t=—,— >0

13 df?

s= \/1300(%)2 - 2400(%) +2500 = 19.884=19.9

10(iii) | Let the angle of elevation be 6
30

sin@ =
V130022 — 2400z + 2500

cos -~ = —%(30)(1 300¢2 — 24007 + 2500) * (2600¢ — 2400)

. 2 2
When 7=1. cosd = J(40-300° +20° (500
J1300-2400+2500 V1400

1 5 500
.40 _ ——(30)(1300—2400+2500) ~ (200)+ /— =—0.0958 rad/s (or —5.5°/s )
dt 2 1400

11() v,

2r

2xr drr x
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11(ii)

d_y_ sin@
dx 1-cos@

2sin® Q
2

. 0 0
2sIn—cos—
2 2

dx =r(l1-cos@), (2 =rsinf
dé do

11(iii)

2r

(dy\z 2r
y

Thus LaJ =—-1

1—-cosé@ r(l—cos®)

11(iv)

27r
Area = IO ydx

0

=371’

=’ 26’—2sin0+lsin20
2 4

_ joz”r(l—cose)-r(l—cose)de

= rzj‘()z”(l—2cos<9+cos2 0)do

2z
= rZJ (%—2cos6’+%cos2¢9)d¢9

27

0
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