H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

1 iZ+wW=2+i————- @
2w—1—iz:2—0_———(2)

2—1
Letw=2+i-iz——-(3)
Substitute eq (3) into eq (2)
2(2+i-1z)—z-iz=8+4i
4+2i-3iz—2=8+4i————(5)
Let z=a+Dhi
Substitute z =a+bi into eq(5)
4+2i-3i(a+bi)—(a+bi)=8+4i
4+2i—3ai+3b—a—bi=8+4i
Comparing real and imaginary parts:
4+ 3b—a =8(real parts) ———(6)
2—3a—b =4(imaginary parts) ———(7)
Eq(6)x3 — eq(7)
10+10b=20
10b =10
b=1
Since b=1, 4+3(1)-a=8=a=-1

Sz=-1+Ii

Substituting z=—1+1i into eq(3) to solve for w
W=2+i+i+1=3+2i

Answer:  z=-1+i and w=3+2i

2x2+2x—1Sl
X® + 2X
2x% +2x -1
42X
2x2+2x—1—x2—2x<
X* + 2X a
x? -1 -
X(X+2)

1<0

0

:>(X+1)(X_1)SO
X(X+2)

= &
-1 0 1

Thus, 2<x<-lor0<x<1




Replacing x with |x|,
—2<|x<-lor0<|x|<1
—2<|{<-1 = nosolution

For 0<|x|<1,

0<|x and |x|<1

xell,x#0 and -1<x<1

Thus, range of values: -1<x<1, x=0
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Modulus = 1
Argument = ﬂ+%—27r=,8—3?”
(1) Point A correctly plotted

212 gl*g” _lei(Zafﬂ)

7, 26”7 2

Modulus = 1
2
Argument = 2o — S
(i) Point B correctly plotted
Aln

() (z)"=2%2"
Since the point lies on the negative real axis, arg(z2)" = (2k + 1)« for k € Z.
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12
=—(2k+1
= n 11( +1)

= Smallest n required = 12

(i)

(i)

—x? —4x+(4y2 —8y—4) =0
For values that y cannot take, there are no real solutions for x and discriminant<0.
Therefore, (—4)? —4(—1)(4y2 -8y —4) <0
16+16y° -32y-16<0
y> -2y <0

y(y-2)<0
~0<y<?2
Set of values that y cannot take is {y e[1:0<y <2}.

4y? -8y —x*—4x—-4=0
4 (y-1)"-1|-| (x+2)"-4]-4=0
4(y-1) —4—(x+2)" =0

b (2

1 2?

»\/
»,




A y=F(x)

-2m B ~0 11 =7

-2t

The horizontal line y = 1 cuts the graph of y = f(x) at 2 points. Thus, f(x) is not a one-one
function and the inverse of f(x) does not exist for the domain [ 27,27 ].

OR
Any horizontal line y =k (k ] ) cuts the graph at more than one point. Thus, f(x) is

not a one-one function and the inverse of f(x) does not exist for the domain [ 27,27 ].

(i)

a=.T
To make x the subject of v
_x,_[x)




(iii)

(iv)

| N |
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| |
| 24 v=Ff"(x)
| |
| 1 |
| | -
: : H : : : : H— |
—4 |—3 -2 - 1 2 3i 4
| N |
| N |
|
____l - 2 |___
B T
| -1 |
X=—T| | Xx=u

The line required 15 v =x_

(g m (m\ =«
2)72™ 372
. .
Thus, x= S isa root of the equation x=1 [:xj

Since the graphs of v =1 [:xj and y=1 - [:xj intersect along the line v = x, and

. . .
since x=—_ 152 root of the equation x=1 [:xj .

i

v=f - [:xj must also intersect at the point x=

thus, the graphs of y =1 [:xj and

=

k2 |




@ b= |a||b|:05§ =>|1”'~.E‘ cos &

ab=1 cosf= % = & = 45° (by inspection)
(1) DE=0OE-OD=2a+A(a+2b)-(2a—-b)=b+i(a+2b), AcR
To find the square of the distance DE
DE* <[b+ A(a+2b)].[b + A(a+2b)]
=bb +A%(a+2b)(a+2b)+2.7b.(a+2b)
=bb +i’(aa+4ab+4bb)+2i(ba+2b.b)
=2+ 27 (1+4(1)+ 4(2)) +22(1+2(2)) assaa=1bb =2 and ab =1

=2+132% =104

=132 +104+2

The perpendicular distance from E to [ occurs when D 1s closest to /, that 15 when DE 13

.. . 3
NI OF A=—ﬁ.

Exact shortest distance from D to [ 15 L umits.

NE)




Method Two:
DE is minimum when DE? 1s minimum:

i(ﬂf)::ﬁﬁ: +10
dx

To find stationary point:
When i (DE")=0. 26A+10=0

=

ﬁ.

Since DE? is quadratic and coefficient of A% = 0,
3

13

SA=—

DE* is minimum at A =—

| o

~perpendicular distance from D to [ occur when J=—

[

1
i sV (s 1
DE>= 1372 +10/42 = 13| -2 | =10 - [+2 = —
l.\ 13 |.\ 13) 13

1
NE

vnits.

Exact shortest distance from D to [ 1s

(1v)
Let F be the foot of the perpendicular from D to [
— 5, 21 10
OF =2a——(a+2b)=""a—-—b

13" co13 13

=1+(—1){—lx2 +2—14x4}+%{—%x2 +%x“} +..




X2 3
Thus, y=X+——-—+
21 3!

] XZ 3
e, y=X+———+...
Y 2 6

iy In(l+y)=tan*x= L dy 1

1+ydx 1+x2

(1+ xz)% =1+y so condition (A) is satisfied.
X

Atx =0,

In(1+y)=tan'0=0=1+y=¢"

- y=0

1

2

o
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(a)Let a denote the first term of the geometric progression.
Likewise, let b and d denote the first term and common difference of the arithmetic
progression.

ar*=b + 6d ...Eq(1)
ar®=b + 24d ...Eq(2)
arl®=p + 48d ...Eq(3)
Eq(2) — Eq(1):ar® —ar* = 18d ...Eq(4)
Eq(3) — Eq(2): ar'® — ar® = 24d ...Eq(5)

ar® (r2 —1) 244
ar(r*-1) " 18d
r* 4
r’+1 3
3rt=4r>+4 (Shown)

Eq(5)/Eq(4):




From GC,r= +42 so|r|>1
Hence, the geometric progression is not convergent.

(b)

Let a be the 1st term and r be the common ratio of the G.P.

—_ 8y
Sg = A(ll__rr ) =T12r (1)

Sodd _(Seven :13” ( )
A(1-(r®)*) Ar(1-(r®*
- 1-r2  1-r B

A(1-r) 10
naen =0 @)

(1) = (2):

l-r _10

1+r 72
72-72r =10+10r
82r =62

r =0.75610
Substituting into equation (1), A =61.8 (to 3 s.f.)
Let the production level in the first year be a.

Total production of the coal mine = a_ - 25a
1-0.96

Thus, the total production of the coal mine can never exceed 25 times the production in
the first year.

@) Given u=2x+3:>3—i=2

+C

- +
4(2x+3)  8(2x+3)’
_ —2(2x+3)+3

= —+C
8(2x+3)




(b)

4x+3
8(2x+3)’
P=4,Q=3andR=38

In(4x+3)"
I (2x+3)’ *

X dv X
= ‘In(4x+3) dx Let — = ,
J(2x+3)3 (4x+3) dx  (2x+3)°

__(4x+3)|n(4x+3)_J-_ (4x+3) 4 d 4 C
8(2x +3)’ 8(2x+3)° (4x+3)

u=In(4x+3)

=_(4X+3)In(4)§+3) +1J.(2X+3)_2 dx + C
8(2x +3) 2

_ (4x+3)In(4x+3) 1(2x+3)1[—£)+c

8(2x+3)° 2
_(4x+3)In(4x+3) 1 .
8(2x+3)° 4(2x+3)
:_(4x+3)ln(4x+3):r2(2x+3) LC
8(2x+3)

Isin4xcos6x dx
1¢. .
= Ejsmle +sin(—2x) dx

= l_[sinle—sin 2x dx
2

=1 —100510x+£coszx +C
2| 10 2

= —icoslox+1coszx+c
20 4

jex sin4e* cos6e* dx

= —icosloex + l cos2e* +C
20 4
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(i)

(i)

At the original position, t =0
x=0+e’=1land y=0-¢e’=-1
Thus the coordinates are (1,—1) .

As t tends to infinity, e -0sox >tandy —>t
Thus, the path of the particle approaches the line y = x




(iii)

(iv)

dy =1+2e? and ax =1-2e*
dt t
dy 1+2e™

dx 1-2e™*

4
Att=2, x=2+e*=201832 y=2—e*=198168 and I - 1+2¢_
dx 1-2e”

. _ 21
Gradient of normal = - =-0.92933
1+2e”
Thus, an equation for C, is y—1.98168 = —0.92933(x—2.01832)
l.e. y=-0.92933x+3.85737

l.e. y=-0.929x+3.857 (correctto 3d.p.)

AtpointA,y=0

0=-0.929x +3.857 = x=4.15178
Coordinates of A are (4.15, 0)
Sketch of motion of particle:

A

y

(2.02, 1.98)

(v)

\. A (4.15, 0) X

1.-1)

Consider the curve C, wheny =0,

t =e* and solving by GC, t = 0.4263
Thus, x = 0.85261

Required area
2.02 4.15

= | ydx+ [ (-0.929x+3.857) dx

0.852 2.02
2 4.15

= | (t-e™)(1-2¢™)dt+ [ (-0.929x+3.857) dx
0.4263 2.02

= 3.5576 units?

= 3.56 units?
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(i)

Perimeter of cross-sectional area =100 = (2a +4b) + %(27[&)

=100=4b+a(7+2)

11




_100-a(z+2)
a 4

=b
i) S :(Za)(Zb)+%(ﬂa2)

=4a|:w:|+1a2
4 2
=100a—a2(7r+2)+%a2

2

=100a—a?(27r+4—7z)

2

=100a - %(ﬂ +4) (shown)

100 - 2
Note that, a+b:a+w

_4a+100-a(r+2)
- 4

:%[100+a(2—7z)]

\% :{100a—a§(7z+4)}2(a+b)
:{100a—a?2(7z+4)]%[100+a(2—7r)]
:%{100—%(ﬂ+4)}-[100+a(2—7z)]

~ 5000a - 757~ (7° + 277 -8)
4

i) I _5000-1507a- a2 (7* +27-8)
da 4

When ((jj—v =0, using the GC, a =12.70471 or a = 64.36321
a

Fora=12.70471 For a =64.36321
A a” a a* a a
Sign - 0 + sign —
dv - dv
da da

Thus when a=12.70471=12.7 (3 s.f.), volume is greatest.
Using the GC, greatest volume is 29671.95154=29671.95 cm?.




— End Of Paper —
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