Millennia Institute 2017 PU3 H2 Prelim 11 Paper 1 Suggested Solutions

Qn. Question
No.

1 The sum of the first n terms of a sequence is denoted by S, . The first term of the
sequence is 3 and it is known that S, =21 and S,, =210. Given that S, is a
quadratic polynomial in n, find S in terms of n.

Let S, =an”+bn+c where a, b and ¢ are constants
S =3 =a+b+c=3

S;=21 =9a+3b+c=21

S, =210 =100a+10b+c =210
UsingGC,a=2,b=1,¢c=0 = S =2n*+n
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Using the substitution v=+/x+1, find I 1 dx, where x>0.
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The diagram shows the curve C with equation y =sinx and the line x=1. With
reference to the diagram, a student wrote down the following series

o2 2) (3o

(i)  State what the series represents.
(i) When n—o0, S — L. State the geometrical meaning of L. Determine the ex

(iii) What can be said about the value of S in relation to the value of L?

(i)
The sum of the areas of n rectangles with equal width from x=0 to x=1, where
the top right vertex of each rectangle lies on the curve.

(i)

L is the actual area under C from x=0 to x=1.

1,
L :j05|nx dx
1
=[—cosx]0
=—cosl+cos0
=1-cosl ie.a=1 b=1
(iii)

Since the sum of the areas of the rectangles in part (i) is larger than the actual
area under the curve C,S> L

[It is given that the volume of a circular cone with base radius r and height h is
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The diagram above shows a right circular cone with fixed radius a and fixed
height h. A cylinder of radius r and height x is removed from the cone.

3
(i) Show that the volume of the remaining shape, V, is %h(az -3r? +3%j .




(i) As r varies, use differentiation to find the value of r that gives the

minimum value of V, leaving your answer in terms of a.

(i)
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V =17ra2h —r? (h—mj
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r=0 (rejectas r >0) or rzéa

Method 1 (2"? derivative test)
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Therefore the volume is a minimum when r = Ea )

Method 2 (15t derivative test)
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A line L passes through the points A(3,-1, 0) and B(11, 11, 4).
(i)  Find the angle between L and the y-axis.
0

(i)  State the geometrical meaning of |OBI[] 0
1

The point F(2a+1, a, a—1) is a point on L, where a is a positive constant.

3
The point P is such that PF =| 0| and the area of the triangle AFP is 5—29
2

units?,
(iii) Determine the value of a.

(iv) The point C on L is such that the ratio of the area of triangle AFP to the
area of triangle FCP is 2:1. State the ratio AF : CF , justifying your answer.
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The required angle, 8 = cos™

(i)

The length of projection of OB onto the z — axis .

(iii)




L1AF <pF|= |22
2 2
2a-2 3
= a+1 (x| 0|= @
2
a-1 2
2(a+1)
1-a :2,/@
2
-3(a+1)

JA@+1)? +(1-a)’ +9(a+1)? = 2\/?

13(a+1)%*+(1-a)* =118
14a® +24a-104=0
7a®+12a-52=0
(7Ta+26)(a—2)=0

a= —? (rejectedasa>0) ora=2

Accept: Using GC, a=2 or a=-3.7143 (rejected as a > 0)

(iv)
Both triangles have the same height (h).

AF :CF = Area of triangle AFP : Area of triangle FCP

=2:1
6 . 2Xx 2 2X 1 2X @i
(i)  Show that je cosxdx:ge cosx+ge sinx+C.
(i)  Find the volume of the solid generated when the region bounded by
y=e*V(cosx) and y=—3x+1 between x=0 and x:% is rotated
Vs
through 27 radians about the x-axis, leaving your answer in exact form.
[4]
6() | (i)
[3]

Ie“ cos x dx = %ezx oS x+f%e2x sin x dx




=1e2X cosx+E 1e2X sin x—lj.e2X Ccos X dx
2 2| 2 2
:le2X cosx+£e2xsin x—l'[e2X cos X dx
2 4 4
Ejezx cos X dx = S cos X + € sin X+C,
4 2 4
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J'e2X oS X dx =ge2X cosx+gezxsm X+C

(if)
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Volume = nj y*dx
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(i)  Prove by the method of mathematical induction that
2 3 2n+3
; r(r+2) 2 (n+1)(n+2)
for all positive integers of n.
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(i) Explai Wyrz_l:rr+2)

N
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(iii) Using the result in part (i), find ) —————.
rzzs:‘(r—Z)(r—4)

(i)

is a convergent series, and state the value of the sur




Let P be the statement Z 2 3__ 2n+3 forneZz".

~r(r+2) 2 (n+1)(n+2)

Prove P1 is true.
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Pk+1 IS true

Since P is true, and P is true implies Px+1 is true,

by Mathematical Induction, ) 2 3__2*3  fornez-

~=r(r+2) "2 (n+1)(n+2)

(ii)

n —>m,L—>o,iL—>§

(n+1)(n+2) =r(r+2) 2

The series converges to a value. ... the series is a convergent series.
s 2 3
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(iii)
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Using the substitution y = ux, show that the differential equation
xd—y =3Xx+y-2
dx

can be reduced to the form

xzd—u:3x—2.
dx

Hence, find the general solution to the differential equation xg—y =3x+y-2.
X

[5]
(i)  State the equation of the locus where the stationary points of the solution

(i)  Sketch, on a single diagram, the graph of the locus found in part (i) and two
members of the family of solution curves, where the arbitrary constant in the

y = UX

x° (;_u =3x -2 (shown)
X




u=3|n|x|+g+C
X

:3In|x|+g+C
X

< x|<

:3xln|x|+Cx+2

(i)
. . dy
For stationary points, ™ =0
X

= Xx(0)=3x+y-2
=y=2-3X

The equation of the locus is y =2-3x.

(i)

v=3xln |x|—x+2

y=2-3x
v=3xln |x|+x+2

It is given that

2
£(x) = (x-1)"+4 , k<x<3,
3x-1 , 3<x<4,

where ke, k <3.

(i)  Sketch, for k=0, the graph of y=f(x), stating the coordinates of the
turning point. Write down the range of f.

(ii) Explain why f™ does not exist. State the smallest value of k for ™ to
exist.

(iii) Using the value of k in part (ii), find f~* in similar form.




10

(iv) State the geometrical relationship between f and f™. The point P(a, b),
wherea  and b are constants, lies on the graph y =f(x). The point Q on

the graph y=f"(X) is the point corresponding to P. State the coord

(i)

Range of f, R, =[4,11]

(i)
A horizontal line, y =k, 4 <k <5intersects the graph of y =f(x) at 2 points. f
is not a one-one function. Hence, f does not exist.

For f* to exist, the minimum value of k is 1.
(iii)

Lety="f(x)

For1<x<3:

Lety=(x-1%+4

x=1+,y-4
X=1+,/y—4 since 1<x<3
f1(X)=1++x—-4,4<x<8

For3<x<4:
Lety=3x-1
1

x—1y+—
3" 3

f‘l(x):%x+%, 8<x<11

1+Vx—-4 , 4<x<S8§,
f(x) =
%x+% , 8<x<1]

(iv)
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The graph y =f*(x) is the reflection of the graph y =f(x) inthe line y = x.
The coordinates of Q is (b, a).

10

(@) Itisgiventhat —1+i is a root of the equation 2z°+az* +bz+(3+i)=0.

(i) Find the values of the real numbers a and b.

(if)  Using these values of a and b, find the other roots of this equation.

(b) Itisgiven that w= _1+(v 3)i .

(i) Without using a calculator, find an exact expression for w®. Give
your
answer in the form re'?, where r >0 and 0<0<2r.

(i) Without using a calculator, find the three smallest positive whole numk

@)

Since —1+i is aroot of 2z° +az”* +bz+(3+i)=0,
2(—1+i)3+a(—1+i)2+b(—1+i)+(3+i):0
4+4di+a(-2i)—b+bi+3+i=0

Comparing real parts:
4-p+3=0=b=7

Comparing imaginary parts:
4-2a+b+1=0=>a=>6

(a)(ii)

27°+62° +72+(3+i)=0

[z—(—l+i)][222 +(4+2i)z+(1+ 2i)] =0

~(4+20) 1| (4+2)" -4(2)(2+20) |
2(2)

z=-1+i(given) or z=
_(—4—2i)J_rZ
- 4
1 1. 3 1.
Z=—=—-=i0rz=——-=i
2 2 2 2

(b)(i)
\—1+ i V3\ =2

arg(—1+i\/3):7r—tan1(\/3):2?”
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o [26(2:) J )5 (%)

(b)(ii)
(2=
w* _ 26‘( 3 _ pln ei[ 72{72%]
7 T
Method 1

*

Since W—n is a real number,
. (27[ 2n7fj
sinf —+——1[=0
3 3

%T+ ZnTﬂ =m,27,37,47,57,67...

27 +2nw =3x,67,97,1272,157,187...
2nr =, 47, 77,107,1372,167...

=258,
2 2 2

The 3 smallest positive whole number values of n are 2, 5 and 8.

Method 2

. w* . w*
Since — is a real number, arg| — |=kz, k €[]
w" w"

2nr 2«
- =knr
3 3

n:—l—%

2
Atk=-2:n=2
Atk=-4:n=5
Atk=-6:n=8

The 3 smallest positive whole number values of n are 2, 5 and 8.
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A curve C, is defined parametrically by the equations x:t—%, y :Hf’

t#0.

(i) Sketch C,, stating the equation of the asymptotes and coordinates of any poi

(if)  Show that the equation of the normal to C, at the point with parameter p is

p° +lx+ 2(p2+1).

given by y=-
p*-1 p

(ili) The normal in part (ii) intersects the x-axis at the point A and the y-axis at
the point B. Find, in terms of p, an expression for the area of the tri

The line | is the normal to C, when p=2.
(iv) Find the equation of I.

A curve C, is defined parametrically by the equations x=3at, y=-t’+a,

t €] where a is a non-zero constant.

(v) Given that | intersects C,, show that the parameter q of the point(s) of
intersection satisfies the equation

q*-5aq+5-a=0.

Hence, determine the range of values of a such that | intersects C, at two
distinct points.

(i)

x:t—%, y:t+1, t=0.

(if)
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2 2
O g 1 talody g 1 -1
dt t t
dy dy dt_t°-1

dx dt dx t?+1

When t = p, the gradient of normal = —

The required equation of normal:

(iii)
Whenxzolyzwj B(O, Z(p +1)J

Area of triangle OAB
1

{z(p;ﬂ)ﬂz(p;—ﬂ
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(iv)
Whenp =2,
? 2(2%+1
the equation of the normal is y=- 22 +l X+ ( )
2°-1 2
5
=——X+5
y 3

The equation of | is y = —§x+5.

(V) o
By substitution,

-Q°+a= —%(3aq)+5

q*-5aq+5-a=0 (shown)

For | to intersect C, at 2 distinct points,
b?—4ac >0
(-5a)’ -4(1)(5-a)>0
25a° +4a—20>0
a<-0.978 ora> 0.818 (3s.f)
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As part of a project, a group of engineering students design two robots for a
game. One robot is called ‘Prey’ and the other robot is called ‘Predator’. The two
robots are designed with the following specifications.

‘Prey’: It is designed to leap 1 m forward for the first leap. Subsequently, it

‘Predator’: It is designed to leap 2 m forward for the first leap. Subsequently, it

Both robots take each leap at the same time and the number of leaps taken is
given by n. ‘Predator’ starts the game from the starting line while ‘Prey’ starts the

(1)  Find the distance of ‘Prey’ and of ‘Predator’ from the starting line after n lea

(i)  Explain why ‘Predator’ has to catch ‘Prey’ before *Predator’s distance from
the starting line reaches 20 m.

(iii)  Using a graphical method, explain why ‘Predator’ will not Cé
(iv) “Prey’ now starts the game 4 m in front of ‘Predator’. ‘Predator’ catches ‘Pre

Calculate the distance of ‘Predator’ from the starting line after completing tf
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Distance of 'Prey' from starting line, A,

= %[2(1)+ (N—1)(~0.025)]+ 7 = ~0.0125n +1.0125n + 7

Distance of 'Predator' from starting line, G,
_2(1-09")
©1-09
(i)

The sum to infinity = % =20

:20(1—0.9“)

Hence, ‘Predator’ has to catch ‘Prey’ before its distance from the starting line
reaches 20 m.

i
Sl'o)determine when the leap distance of ‘Prey” becomes 0 (if it is not caught):
1+(n-1)(-0.025) >0
n<41
If not caught, 'Prey" will leap 40 times before the leap distance
becomes 0.

Plot, for 0<n <40, the graphs of A =-0.0125n%+1.0125n+7 and
G, =20(1-0.9") as follows:

The distance from starting line n=40

For 0<n <40, since the two curves do not intersect, ‘Predator’ will not catch
‘Prey’.

(iv)
When 'Predator’ catches 'Prey’,
~0.0125n* +1.0125n +4 = 20(1-0.9")
Using GC,
n=7.2557 or 12.012 (rejected)
'Predator’ catches 'Prey' on the 8th leap = k =8.

The required distance = 20(1-0.9°) =11.4 m (3 s.f)
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