2017 Year 6 FM Prelim Solutions (Paper 1)

Qn

Solution

1(a)

Letu,ve A.
1
(u+v) O 1
-1
1 1
=ull] 1 |+v 1
-1 -1
=0+0=0

Therefore U+ V € Aand A4 is closed under vector addition.

1 1
(au) O 1 [=a|lud 1 ||=0 where ais a scalar.
-1 -1

Therefore au € 4and 4 is closed under scalar multiplication.

In particular, the zero vector is in 4.

Therefore A4 is a subspace of [1°.

The zero vector is not in B since
2(0)+3(0)—5(O) =0=1

Therefore B is a not a subspace of [ °.

(b)()

0) (0
Both |2 [,|0|eB'c AUB'
0) (1
0 0 0
However, | 2 |+| 0 |=]| 2
0 1 1

0 0
and | 2 ¢ 4, | 2 |eB.
1 1
0
Therefore| 2 |¢ 4U B" and
1
since AU B’ is not closed under vector addition,

it is not a subspace of [ °.

[Turn over



(i) | (-2

2 |leAnB’
0
-2 -1
However, l 2 1=|11|eB
0 0

Therefore| 1 |¢ AN B' and
0

since AN B’ is not closed under scalar multiplication,

it is not a subspace of [1 °.

Qn Solution

2 Since X=\/f,

x* =t
Differentiating wrt y,
e _d b _1dy
dy dy dt 2xdx _____ (1)
Differentiating wrt x,
dydr_ (Ljdz_y 1
dr dx \2x)dx® 2x° dx
dr_ 1
Since df  2x
d’y 1\d’y 1 dy
2x T 2 A2 4.
dt 2x )dx”  2x" dx
2 2
x2d_§’=d_32’_ld_y —(2)
de  dx* xdx

Subst (1) and (2) into the DE,
2
d_f—ld—y 2 Y o4 20
& xdr dx
2
4x2d—f+4x2d—y+24x2 =0
dt dt

2
4x2(d—{+d—y+6j=0
e dt

2
Since x > 0, ig+%+6:0.Thusa= 1 and b = 6.

2
de”  dt
Characteristic eqn:




m +m=0

mm+1)=0=>m=0,-1
Complementary solution: y, = A+ Be™
Particular integral: y, = —6¢
y=A—6t+Be”

.. General solutionis y=A4- 6x> + Be ™ .

[72]

Qn Suggested Solutions
3 5<|z—(3+4i)|<10 , arg(z—(6+8i))=arg(3+4i)
A
)
Required locu
> X
(i) Max value of | z—6 | = AP
By similar triangles,

op_PQ_15_PO

OB B4 10 8

PO=12=00=9 = A40=3

Max value of | z-6] = AP = v3* +12" =+/153

(ii)

Range of values of arg (z—6) is f<arg(z-6) <%

S =tan" (%) =1.33

:>1.33Sarg(z—6)<%




Suggested Solutions

4(1)

2
md—f+k—+ma)2x=0
ds dr

Characteristic equation:
ms® + ks +ma’ =0

s JK —4m)me®) k.
2m 2m

+iw - k* canbe ignored

_k,
General solution of x is x =¢ 2" (A cos(wt)+ B sin(a)t)) .
Att=0,x=0, 4=0.
k
Since x = Be *" sin(wt),
dv Bk -t st
—=———¢c 2" sin(wt)+ Bwe *" cos(wt)
dt 2m
dx
&LV
Atr=0,dt |
v
Lx=—e 2" sin(wt)
@

(ii)

Period of vibrations, T = 2—” .
W

T
Let t, =—,
20
k
. . . V. 5 {ty+nT)
Amplitude at time ¢ after the nth period, 4, =—e *”
w

. . V) —L(t(ﬁ(nﬂ)T)
Amplitude at time 7o after the (n+1)th 4,,, =—e 2"
@

Vv —L(t0+(n+l)T)
—e 2m k

A -
el =@ _e 2 )(constant)
An v —2—(t0+nT)
76 m
@

Thus, amplitude of successive vibrations follows a
geometric progression.




(ii1) | Roots to the characteristic will be real, distinct and
negative. Thus the general soln will be x = A(e""‘t - e‘"’zt)
where m1 and m2 are positive constants.

X
t
Qn Suggested Solution
5(i) cos 60 +1sin 64

= (c+is)6 ,c=cosf,s =sind
=c®+6¢° (is) +15¢* (is)2 +20¢° (is)3 +15¢° (is)4 + 6c(is)5 + (is)6
Comparing real and imaginary parts
c0s 68 = cos’ @—15cos* @sin® @ +15cos’ Osin* @ —sin’®
sin 66 = 6cos’ @sin & —20cos’ Osin’ 6 + 6 cos Osin’ &
sin 60
cos 64
_ 6c¢0s’ @sin@—20cos’ Osin’ @+ 6.cos Osin’ O
" cos® @—15cos’ @sin® @ +15cos’ Osin* @ —sin® @
60208 + 61
T 1-152 41504 —¢°

tan 66 =

(ii) : V4 :
Letting 6 = o tan 66 is undefined.

Therefore 1-15x+15x* = x> = 0,x = £>
Rearranging x° —15x® +15x—1=0 which has a root x = tan? (%)

2 other values of 8 = i—z = %,?—72[ will cause tan 68 to be undefined.

The other 2 roots are 1 and x = tan> G_;Zj

x —15x7 +15x -1 = (x—1)(x* ~14x+1) =0
x=lorx’—14x+1=0

_ 14+196-4 _7+43

2

Since tan? [zj =1 and tan? (ij < tan? (S—HJ , tan” (i ﬂj =7- 4\/5.
4 12 12 12

=x=lorx




Suggested Solution

AX = AX
= C"(Ax) =C"' (AX)

=(C'AC)(C'0 = A(C'x)

-.C'X s an eigenvector of C"'AC.

Alternatively,
C'AC(C™'x)=C"Ax=C"Ax=AC"x




I 01 1 0 -1

Toverify C=|0 1 0| and C'=[{0 1 0
0 0 1 0 0 1
1 0 1)1 0 -1 1 0
CC'=|0 1 0[O0 1 01=0 1 =1
0 0 1){0 0 1 0 0
1 -3 -3
le, S=C!AC where A=|-8 6 -3
g 2 7

Find eigenvalues and eigenvectors of A:

det(A—A1)=0
(A-1)(A—-4)(21-9)
—Ai=1 4,9

0

[1+1]

When A=1, x=| 1

When 41=4, x=| 1

When 4 =9, X=

-1

Hence, S has eigenvalues and corresponding eigenvectors
givenby C'x :

1 0 -1)1 2

A=1 C'x= 1 0 1] 1
0 1 ){-1) (-1

1 0 -1)1 3

A=4, C'x=|0 1 0 1] 1
0 0 -2) |2

0 -1\ 0 1

A=9, C'x=[0 1 0 1} 1
0 -1) (-1




Let S=QDQ™" where

2 3 1
Q= 1 1|,D= M)
-1 =2 -1

5'=(QDQ™")(QDPQ™)(QPQ™)(QDQ ™) =QD'Q”

1 0 0 10 0
. E=D*=|0 4* 0| or [0 256 O |and P=Q

0o 0 9 0 0 6561

1 0
0 4
0 0

o O O




x=35-15t, y=-10£, 1<t<42.

Q=15t4 -15, d—y=—30t2

dr dt \
Surface area generated

=2a " (=) (%j +(%j ar

\l
~2n 104156 —15)2 +(=307)? d

\/
=300z[ () -1 4" dr

~300n jf EWE 1) di

\/
~300z, S 1) de

8 4 V2
=3001{’—+t—}
g

1

=300n[(2+1) —ﬂ

_ 1575

7Tt

Volume required

=2n[ *x(y, - ) d

=2m| [#x(5—x") dr - jol (tan™ £)(1+ %) 1+1t2 dt}

_ __L 232 ﬁ_ a7 o
=2n|[-4(5-x") ]# ~[ttan t]o+jot1+t2dt}

i 2
=2 $-4(5-=)’ —£+Bln(l+t2)]ﬂ

16 4

=2n ————£+%ln(2)}




Alternatively,
y =1+tan’ x =sec’ x

= 27[J-0X x(5—x* —sec’ x) dx

=27 éxz—lx“ 4—27zJ7xsec2xdx
|2 4 |, 0
520 #t z oz
=2r| — — -2 [xtanx]‘*—j‘*tanxdx
32 1024 o Jo
2 4
=27 5—” —”————[1n|cosx|]4
32 1024 4
2 4
=2r R —”——£+lln2
32 1024 4 2

Suggested solutions

3
r=——
1-2cosé@

r—2rcos@=3
r—2x=3

r =(2x+3)2
x4+’ :(2x+3)2

Simplify,
3y =(2x+3)2 —x* =3(x+1)(x+3) :.’>[()c+2)2 —1}

(x+2)°  ?

L)

> =1 where x> -1

Curve is hyperbola, with e =2 and directrix x = —% .

(i)

4r
e=—
3
3__ 3
2 1-2cos@
1-2cos@ =2

cos0=—l = O0=—\,—
2




Polar coordinates of P and P' are (%,2?”] and (%,4—”j

(ii1)

T T 2
Area of R =2 lj r*dé :'[ (;j de
2 27” 27\ 1-2cosé

3

=1.39751 = 1.40 sq. units
To find arc length,
3

f=—
1-2cosé
ﬂ_ —6sind

do (1—2cos€)2

2
L=2[7 [r’ +(d—’”j do
e do

3

T

2 ) 2
_y ( 3 ) N —6sin @ i 40
2 1-2cos6 (1-2cos0)
3

= 2.65842 units
Thus, Perimeter of R = 2.65842 + 2 (3/2) =5.66 units (to 3

sig. fig)

Suggested Solution

9(i)

Scheme B:
u,=1.05u,  +0.115u, ,, forn>2, wu,=0,u, =30000

a=1.05
b=0.115

Scheme A: u, =1.05u, , —1000 , forn>=2, u, =30000

For Scheme B:
Characteristic equation is m” —1.05m—0.115=0.
~m=1.150rm=-0.1
Thus, general solution is
u,=A1.15)" + B(-0.1)".
From initial conditions,
u,=0=4+B ———(
u, =30000=1.154-0.18 -——(2)




Solving : 4 =24000, B =-24000.
Hence, particular solution is
u, =24000((1.15)" = (-0.1)")

For Scheme A:
u, =1.05u, , —1000

= 1.05(1.05u, , —1000)—1000
= 1.05%u,_, —1000(1+1.05)
= 1.05""u, —1000(1+1.05+1.05% +...+1.05""2)

n-1
= 1.05"71u1 —IOOO[M]

=10000(1.05""") +20000

(i)

Let v, denote the amount of money invested in the EM fund

based on Mr Ma’s second investment through scheme 4.
v, =60000(1.05"")+20000

Since n—m=4,
ty,4 =24000(1.15" —(<0.1)"")

Foru, ,>v,,

From GC, m>6
In year 2022, Mr Ma’s amount of money from the first

investment will exceed that of the second investment in the
EM fund.




Qn

Suggested Solutions

10i

Volume of water at time ¢ = 10000 + 207 — 10¢ = 10000 + 10¢

dx . .
T = rate of salt entering — rate of salt leaving
t

TRER R
dt 100 10000 +10¢

_4__ ¥
10 1000 +¢

When the brine overflows,
10000 + 107 =20000 = ¢ =1000

Euler’s formula:

X
X, =x+hft ,x) ¢ ,x)=04-———"—
n+l n ( n n) ( n ) 1000 N tn
Step size /=20 = x,,, =x, +20| 0.4-—2
1000 +1,

Using £, =960, x, =341,

£t %) =| 0.4——5 | —04—— 3 42060,
1000+, 1000 +960

x, = 341+20(0.22602) = 345.520

F(tx) =] 04-— | _04- 23320
1000+, 1000+ 980

x, =345.520+ 20(0.22549) =350.03(2 d.p)

=0.22549,

The amount of salt when the brine in the tank begins to overflow is
350.03 kg.

_ (t+1000)°
d_y —a+hbe 1000000
dr

At im0 &8 g, 100001100
dr  dr (1000 +0)

O.3=a+2:>b=(0.3—a)e
e

Change in y

1000 l_(t+1000)2
:J a+(0.3-a)e W00 g

960

1000 17(t+1000)2

=40a+(o.3—a)J e 1o gy

960




_(t+1000)

Let g(t) =e 1000000

5 ordinates, i.e. 4 strips, each with width 10.
Change in y

10
3
—37.841a+0.64753

~40a +(0.3 —a)[ 0 (2(960) +4g(970) + 2g(980) + 4g(990) + g(lOOO))}

Since the same amount of salt is added in the two tanks from 960 s to
1000 s,

37.841a+0.64753 =350.03 -341
a=0.222




