2017 HCI H2 Prelim Paper 1 Suggested Solutions

SIN Solution

1() | f(-1.2)=f(2.8)=0
£(3.6) =f(-0.4)=-1

(ii) Ay

i) jfzf(x)dx - 141-1=-1

2 U=SecXx = U'=secxtanx
v'=sec’ X = v =tanx

j sec® x dx

:jsecx sec?x dx

=sec x tan x—fsecxtan2 X dx

=secxtan x—jsec x(sec® x —1) dx

=sec x tan x—jsec3 X —sec x dx
=secxtan x—fsec3 x dx + In|sec x+tan x|

2J‘sec3 X dx=secxtanx+|n|secx+tan x|

1
Isec3 X dx =E(secxtan x+In|secx+tan x) +C

tan~t2 3
IO sec” x dx

- E[sec x tan x+ In [sec x + tan x|]tan712
2 0

:%[\/Ex2+|n(\/§+2)]
:\/§+%In(\/§+2) L

3 2
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SIN Solution

3() | 3x—x?-4=- x2—3x+4)

2
Hence 3x—x2—4:—(x—§j T Ty
2 4 4

. 3x—x*—4 is always negative for all values of x.

3 (ii) (Sx—x2 —4)(x—1)2

> <0
X —2X-5

(xD)

Since 3x—x* -4 is always negative, — >
X°—2X-5

Method 1 (Quadratic formula)
Let x>*-2x-5=0

25D 40 _2xV2 L

6
2(1) 2
Hence (X _1)2 >0
(x-@-V8))(x-1+8))

N e

I—J%\/I\/I+JE

. x<1—\/5 or x>1+\/5 or x=1

Method 2 (Complete the square)

(x-1)°
(x-1)"-6
(x=1)° >0
(X—(l—\/g))<x—(1+\/6))
DN — O
1-6 1 146

. x<1-+6 or x>1++6 or x=1
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S/N Solution
4 (i) Method 1
w=(—\/§—i)z IT
£l 3 O > Re
_[ze (_GJ] reia E 2////&/5?“.
([ 57z ////
=2r el(_ ?ng @ -1
s w=2r, argw=——”+9
Method 2
w| = ‘(—\/5— i) z‘
8-
=2r
argW:arg([—\@—i]z)
:arg(—\/§—i)+argz
:—5—”+t9
6
4 (i) | Method 1
8
arg(%j =arg(z®)—arg(W*) <« arg(w*)=—arg(w)
=860 +argw
=89+(—5€+9J <«—— From (ii)
_gg_2%
6
Z8
For — to be purely imaginary,
W*
z® 3z T 1w 37
arg — | = R R R R |
w* 2 2 2 2
g2 3z 3
6 2 2 2 2
99: 1_2_72.) z! 4_71-! 7_72.)
3 3 3 3

27" 27" 27 21

4 7
~. the three smallest values of @ are . and z

27 ' 27 27
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SIN Solution

8
For z to be purely imaginary,
W*

8
arg(z—*]:%+k7z,where kel

R L
6 2

99=4—”+k7z
3

A7 krx

+
27 9

_ _ 2

When k=-2, 6’——2—’77
When k=-1, @4
When k=0,
When k =1,

0=

~ Il
N '\’|:\

le S
MR

4
. the three smallest values of & are — r 2z d —

27’ 27 27

5(a)

—~
1
+
Qo O
X
—~
1
+

—
Q
X
'
~
+
—
Q
X
10
~
+
X
< ~—

T

A~ N~
X
WO 0O

1
X

a
Since a is non-zero an
. a is parallel to (g—p).
~a=k(c-b), kel .

QX
cr

o |[oA=vaTe s o

04 P
0059:# /A
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SIN Solution

cos¢:¢
Jal + B+ 7
Cosw = 4

N

c0s” @ +cos® ¢+ Cos* @

) N 2+ F, 2+ ) 2
\/a2+ﬂ2+72 \/a2+,6’2+7/2 \/a2+ﬂ2+)/2

_a+piyt
a’+ Byt
=1

(i) C0S 26+ C0S 2¢ +C0S 2

=2c0s* @ —1+2c0s” p—1+2c0s’ w—1
=2(cos® 0 +cos’ g +cos’ w) -3
-2(1)-3

=-1  (shown)

6 (@) X=cotdt = (:Jl—)t(=—3cosec2 3t

y=2cosec3t+1 = 3—>tl =—6cosec 3t cot 3t

dy _ G _ —Bcosec3tcot3t

dx &  —3cosec’3t
_ 2cot 3t _ 2c0s3t
cosec 3t

At point P, g—yL:p: 2c0s3p
X
Equation of tangent at P:
y—(2cosec3p+1)=2cos3p(x—cot3p)
When tangent meets y-axis, Xx=0.
Hence y =—(2cos3p)(cot3p)+(2cosec3p+1)

B -2(cos’3p) 2

y=—"7= +———+1
sin3p sin3p
2
:—2(00_5 3p—1)+1
sin3p
H)
:—2(—_S|n 3p)+1
sin3p
y=2sin3p+1

Hence the coordinates of Q is (0, 2sin3p+1) . (shown)
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SIN Solution

6 (b)

Method 1

s? =x2+(y-1)
= cot” 3t +(2cosec3t +1—1)2
= (cosec”3t —1) + 4cosec” 3t

=5co0sec®3t —1
Differentiate w.r.t. t,

23 % =10cosec3t(—cosec3t cot 3t)(3)

= —30cosec?3t cot 3t
s% = —15cosec®3t cot 3t
When t=Z , s*=(242+1-1)*+(-1)* =9
. §=3 (sinces>0)
. % - —5COS€CZ3(%)CO'[3(%)

=-5(2)(-1)
=10 unit/s
Method 2

s? =x2+(y-1)°
= cot’ 3t +(2cosec3t +1—1)2

= cot? 3t + 4cosec?3t
Differentiate w.r.t. t,

2s % = 2 cot 3t(—cosec?3t)(3) + 8cosec3t(—cosec3t cot 3t)(3)

= —Bcosec’ 3t cot 3t — 24cosec?3t cot 3t

= —30cosec?3t cot 3t

s% = —15cosec?3t cot 3t

When t=2, s*=(242+1-1)" +(-1)* =9
. §=3 (sinces>0)
g s _ —5cosec23(%)cot3(%)

dt
=-5(2)(-1)
=10 unit/s
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SIN Solution
Method 3
s°=x*+(y-1?
Differentiate w.r.t. t,
ZS,E:ZX%+2(y—1)d—y
dt dt dt
sd—szxd—x+( —1)d—y
dt dt dt
When t:% ,
1 2
X=— " =-1, y=— +1=24/2+1
tan(%”) sm(%”)
X _ _3cosec? 3t= _ 3 _ 6
dt smz(%”)
Y __6cot3tcosecdt =— 0 : 1 602
g () (%)

$2 = (242 +1-1)% +(-1)% =9
.. s=3 (sinces>0)
Hence E=1{x%+(y—1)d—y}
dt s| dt dt

~[CDC8+@/2)642)]

=10 unit/s
7 Method 1
(i) | Iny=2sinx
ld_y: 2COS X
y dx
d_y: 2y COoS X
dx
9 2
d—zl =-2ysinx+2cos xd—y =-ylIn y+l(d—yj (shown)
dx dx y \dx
Method 2
y:eZSinx

@ _ (2cos x)e*™
dx

dy _

=(2cosx)y
dx
2
OI—32/:—2ys,in X+ 2c0s xd—y
dx dx

d? 1(dyY
d—xilz—ylny+§(d—g (shown)
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SIN Solution

[k 1d dy 1 (dy)® 2(dy)(d?
(i) |S2=-y|=2 —lny—y——z(—y] +—[—yj .
dx y dx dx y“\dx y Ldx /| dx

2 3
When x=0, y=1, ﬂzz, d_¥=4, d_Zze
dx dx dx
2 3
y:1+2x+—+6i
3!

Y =142X+2X" + X +...

7 Method 1
(|||) y= e25inx
; 2 ; 3
:1+(25inx)+(23|nx) +(25|2X) +...
3 2 3
:1+2(X—X—+...)+[2(X+'")] +[2(X+'"):I +...
6 2 6
3 3
_1aox= Xy 30,
3 3
=14+ 2X+2X° + X° +...
Method 2
y:ez(x—%)
3RO Rx=X)F
=1+2(X—X—)+[ ()] +[( 2 +...
6 2 6
3 2 3
:1+2x—2X +4x +8x
6 2 6

=1+ 2X+2X2 + X3 +...

7 e(Zsin x)-In(secx) _ e(ZSin x)e_msecx 2sin x)e Incosx

(IV) (25inx)
=g COS X
Method 1
e ™eosx ~ (L+ 2% + 2x7 + x3)(1—§
=1—%+ 2x—%+ 2x%2 + X3+ ...
=1+2X+3% +...
Method 2
y:eZSinx

2sinx

L =(2cosx)e
dx

. COS XX = ldy
2 dx

=%%(1+ 2%+ 22+ +..) <1 Erom (ii)
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SIN Solution
:%(2+4x+3x2 +..)
=1+2X+3% +...

8 Ay

() 1

0

» X
-1 0 1
1l

) dx
X=8sInt = — =cost
dt
When x=0, t=0.
When x:l,tzg.
Area=4{"y d
rea = J'Oy X

- 4'[07 (cos®t) cost dt

= 4_[07 cos*tdt  (shown)
k=4

(i)

Area = 4'[70034'[ dt
0
= .[07 (2cos’t)? dt
- J'f (1+cos2t)? dt

- J?l+ 2c0s 2t +cos? 2t dt

- El+ 2COSZI+% dt

cos 4t dt

:F E+2c052t+
o 2

y4
2

:{%+sin2t+sm4t}

0

. unit?
4
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SIN Solution
8 A y
(b) y=x

From GC, coordinates of intersection = (1, 1)
Method 1

y:3x—1 = Xy+y=3x-1= x:—1+y
X+1 3_y
Required volume
2
ot 1+y 1, 50
_7Z'J._l ﬂj dy_ﬂ'J-O(y) dy
2
! 4 1,
_7z'J:l —3_y—l} dy—ﬂjoy dy
1 16 8 vl
=ﬂj_1 > +1|dy—7z| —
3-y)" 3-y 5 |

1
7{%+8In|3—y|+ y}l—%

= 7[8+8In2+1-(4+8In4-1)]-=
5

— 7[6+8In2-16In2]-=
5

=29?ﬂ—87rln 2 unit®

Method 2
y:3x—1 = Xy+y=3x-1= x:1+—y
X+1 3_y

Required volume

=, (H—Q dy- [ (y*)? dy

1 y +2y+1 1,
B J “6y+9 dy—r,y" dy
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SIN Solution
ety L
1y —6y+9
1 1
= +4
”[y]*l ﬁJ‘ 1y? 6y+9 J‘

_27z+47z[|n\y 6y+9\ +16{

}

:9—+47r[ln4—ln16]+167{ }
5 3=y,

:9—ﬂ+4 In 1+16 11
5 4 2

4
=9?7[—47z'|n4+47z

:mT”—SnInZ unit®

(i)

_ax® —bx
x> —c

Since y =2 is a horizontal asymptote, a=2.
Since X =-2 is a vertical asymptote, c=4.

—bx
X2 —4

( )Ileson y_

_ 2(3)2-b(3) _
. %—W = b=3

(i)

2x% - 3x
x*—4
y(x2 —4): 2x7 —3x

(y-2)x*+3x—4y=0 \-\
For no real roots, ,/

(3)2_4(y—2)(—4y)<0 1-?\/:/4_?

16y*-32y+9<0
Method 1

2
e N
' 2(16) 32

-4
.. required set is {yeD 1- J— < y<1+f}
Method 2 (completing the square)
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SIN Solution
16y*-32y+9<0
9
y?—2y+1%<0 \n /
2
(y_l) _%<0 l—ﬂ\/;ﬂ
e S
1—g< y<1+g
. required set is {yeD :l—g<y<1+§}
9
(i)
o X
_2x'-3x
Y 23
Xx==2 X=2
9 e =x—r !
(|V) y= In (X— r) ——JT: .......
r>2
9 (v 2 _ —
V) Cl:yzzi((2 ZX:2+?(2 32 2
B - 2 2
Covoos 3x+5 X —452x —3X
2 Y= x> —2x-3 2x% -8
3x+5 —-3x+8
= B
(x=1)* -4
_,,8-30-x)
(1-x)*-4
Method 1

Transformation: x — x+1 —> —x+1
1. Translation of C, 1 unit in the negative x-direction to get
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S/N

Solution

L8280+ IS ed by

:2 p—t
g (x+1)" -4 X2 +2x -3

2. Reflection of y =2 +2_3X—+5 in the y-axis to get C, .

X°+2x-3
Method 2
Transformation: x - —x - —(x-1)=-x+1

8 +3x
X’ —4

1. Reflection of C, inthe y-axistoget y =2+

followed by

2. Translation of y =2+ 82+ 32 1 unit in the positive x-direction to get C, .
X —_

10
(1)

dd—l\t/l oc | —kM , where K is a positive constant.

dM
——=b(I —kM
praiabe] )

If 120, ———M =b(0—kM)
100

_ﬂ =—bkM
100
1

hb=——
100k
d_M:LU —kM) = | —kM
dt 100k 100k
_1-aM
100a
Assumption (any 1 below):
e The man does not exercise so that no food energy is used up through
exercising.
e The man does not fall sick so that no food energy is used up to help him
recover from his illness.

e The man does not consume weight enhancing/loss supplements that affect his
food energy gain/loss other than maintaining the healthy functioning of his
body and increasing body mass.

, wherea=k (shown)

10
(i)

For ({j—'\t/lto be zero, | = aM

10
(iii)

&M = % dt

jI —aM 100

~In]l —aM|:ﬁ+C
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S/N

Solution

In|l —aM|:_—t—C
100
-t -t
| —aM =+e0eC = Agl® \where A=+e°
Whent=0, M =100 = A=1-100a

-t
| —aM = (1 —100a)e®
-t

aM = | — (1 —100a)e'®

=t
M :I——(l—lOOJemo
a \a

10 N
(iv) _______'\f _____ M= l/a
O tl;

Explanation (any 1 below):

e The man consumes more food than is necessary for maintaining a healthy
functioning body. Therefore the graph shows that his body mass will
increase.

e Since | >100a, hence %>100 . The man's body mass is always less than !7.

e Inthe long run, the man's body mass will approach !; :

10 Given | =50a,
% —t : :
) 90 = 50— (50—100)ei®® «— oSINd quation
B found in (iii)
50e1% = 40
5

__t_| 4

100 5

sot= —100Ing: 22.3 days (3s.f.)
11(i) | Method 1

Distance covered at the n" pull =45+ (n—1)(-1.6)

=46.6-1.6n
46.6-1.6n>0

n<29.125

Hence number of pulls needed to achieve maximum total height is 29.
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S/N

Solution

Maximum total height
=22[2(45) +(29-1)(-1.6)]
=655.4 cm

Method 2

Distance covered at the n" pull, u, =45+ (n—1)(-1.6)
=46.6-1.6n

Using GC,

n Un
29 0.2
30 -14

Hence number of pulls needed to achieve maximum total height is 29.

Maximum total height =22 (45+0.2) =655.4 cm

Method 3
Distance covered at the n'"pull =45+ (n-1)(-1.6) =0
=n=29.125
n Un
29 0.2
30 -14

Hence number of pulls needed to achieve maximum total height is 29.
Maximum total height=22(45+0.2) =655.4 cm

Method 4
Total height after n pulls,

S :2[2(45)+(n ~1)(-1.6)] = 45.8n - 0.8n’

Using GC,

n Sn
28 655.2
29 655.4
30 654

Hence the number of pulls needed to achieve maximum total height is 29, and the
maximum total height covered is 655.4 cm.

11 (ii)

Since r=0.95<1, sum to infinity of G.P. exists.
45 =900 cm
5

. maximum total height = 1
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SIN Solution

11 (iir) Total height reached
Before 2" pull | 0.98(45)

Before 3 pull | 0.98(0.98(45) +45)

= 0.98%(45) +0.98(45)

Before 4™ pull 0.98(0.987 (45) +0.98(45) + 45)

— 0.98°(45) +0.98%(45) +0.98(45)

.. before 4™ pull,
total height reached

Before (n+1)" | 0.98"(45)+0.98"(45)+...+0.98(45)
pull ~ 0.98(45)(L-0.98")

- 1-0.98

[sum of G.P. with a=45, r =0.98]

©0.98(45)(1-0.98%)

- 1-0.98

=129.67164

=130cm (3s.f)

Before (n+1) " pull, total height reached

~0.98(45)(1-0.98")

- 1-0.98

= 2205-2250(0.98)"" , where X = 2205, Y =—2250

11 From (iii),
(iv) | Total height reached by load using hoist C = 2205—2250(0.98)""
As n—ow, (0.98)" —0.

Hence maximum total height — 2205.

Therefore maximum total height reached by load using hoist C will approach
2205 cm. Therefore the hoist C cannot be used to lift the load up the building of
2500 cm

Page 16 of 16




