2016 ACJC JC2 H2 Mathematics 9740

Preliminary Examination Paper 1 Solutions

Qn Solution Remarks
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— 3<W<\/§ or W>§
<2|y|—5)s1nxS ’
y' -3
2ly|-5
Since sin X <0 for 7[<X£3—7[, |Z| >0
2 y -3
From above, — 3<|y|<\/§ or |y|2§
5
0S|y|<\/§ or |y|25
- 3<y<«/§ or yZé or yg—g
2 2
2
Method 1 - Integration Method 2 — Volume of Cone

Volume of solid S Volume of solid S

2 e
_ ”_[; (gj dx _”Ile(ln x)'dx = Volof cone- 7Z'L (Inx)* dx

e e 1 e
:eizjo X*dx—7 | (Inx)" dx =§7z(1)2(e)—7zjl (Inx)” dx

7| x ) e 2 e
:e_Z[?l _”.[1 (Inx)" dx :%ne—ﬁj'l (Inx)’ dx




le(lnx)2 dx 2

. S e u, =(Inx) dv, _ .
:_x(lnx) ! —2L In x dx N 1 I
:_x(lnx)z_le—2([x1nx]f—fldx) d—X1=2(lnx)(;) vV, =X
=[x(nx)* | =2[xinx] +2[ 1k v =Inx ddv2 _,

- e X
- x(lnx)z_1 —2[elne-In1] +2[x] %:i v, = X
=[x(inx)"] ~2[elme-In1]+2[e—1]

L j|
=e—-2e+2e-2
—e-2

Hence, volume of solid S

1
=—rme—m(e-2
3 (e-2)

1
=§ﬂe—ne+2ﬂ

=27 ——rme
2
=—n(3-e
3 (3-¢)
3 (i)
2500 000 000 = 1000 000(2)™!
2m1=2500
no1= 02500 ) 0e7
In2
n=12.2877
His net worth will first exceed 2.5 billion when n =13
The year 1993 + (13 -1)(1) = 2005 or 1993 + 13 — 1 = 2005
3 100 000 + 1000 + 1000(1.5) + 1000(1.5%) + ....... (15 terms) =
i 15 _
(i 100 000 + MZ $973 787.7808 = $ 973 788
4
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1 1

g(x)=
Lcosx—isinx Lcosx+isinx (lcoszx—lsin2 Xj
V2 V2 V2 V2 2 2




! =_2 2 =2 _—a-2x2)!

Lcos2x—sin2x) cos2x (202, 1-2x2
2 (-

~2(1+2x2)=2 + 4%

m must be sufficiently small for g(x) ~2 + ax + bx?

4 _1 _1)(_3
(b) (l—xz)‘”2=1+—( 12)(—x2)+—( 2)2(' 2)(—x2)2+
1) (=3)(=5
( 2)( 2)( 2)( Xz)— 1+4x2 4354+ 2 x6 4.
3! 8 1
cos“x:.[\/lzdx:—j(ngxz+%x4+%x6+....)dx
I-x
z—(x+lx3+ix5+ix7)+c
6 40 112
Whenx=0,cos_10:%=C
ENE B R
cos” (X)= (x+6x +40x)+2
5

ot L n(n+1)

u
3n+l 3

U, =3”+l(n(n+1)+§j=3”(3n2 +3n+1)

6 | Rate of change = rate of growth — rate of decrease
Rate of change = rate of earning interest — rate of withdrawal

™ =0.05M -4000

dt




1
J0.05|v| “2000°M = [t

L1n|0.05|v| —4000|=t+C
0.05

In|0.05M —4000| = %+%

10.05M —4000| = ¥ %

0.05M — 4000= Ae¥where A=+e®

M =80000 +20Ae™
Whent=0, M=K
K = 80000 + 20A
20A = K — 80000

Hence M =80000+ (K —80000)e®

M A‘/ K > 80000

- 80000 T~~~

t:
K< 8\)000

Money is completely withdrawn if K < 80000

7(1) | Let x=>5sin#

%:5c039
do

.[\/25—X2dX

- jw/zs —(5sin0)*(5cosO)dO X
=.|.\/25—25sin2 6(5cosf)déd ] 0 [

= .[\/25(1 —sin® 0)(5cos O)dO J25-x°
Let X =5sin @
= .[\/25(0052 0)(5cos0)o

. X

=J.(50059)2d9 sin 0 :g
=25J.coszl9d0

25 0 =sin"' =
=—Il+cos29dt9 5

2

1

_2 0+lsin20 +C cosf = —/25-x*

2 2 5
=§(0+sin90059)+c

250 . X (x) 25-x
=—|sin —+|— || —— | |+C
2 5 5 5




zésin‘1§+%xv25—x2 +C

2
7(i1) | x> +(y-b)*=25
(y=b)y’=25-x°
Sincey<0, y—b<0,
y—b=—/25-%
y=b—-+/25-%°
Area of region R
P _Jrs_ 2
B .[0 b-v25-x dx‘ Substituting X = a
:_J-ab_mdx andy'ZOmto the
0 equation
_ a 2 B a
_IO\/ZS X" dx Iobdx X* +(y—b)? =25,
a a h
={£sin1§+lx\/25—x2} —[bx]; wehave
252 0 a® +(0—b)* = 25
=§Sin_l%+%a\/25—a2 —ab b=125_a
:%a\/ZS—a2 +%sinl%—a\/25—a2
zgsin’li—la\/%—az.
2 5 2
8() | z=k+i
22 = (k +i)° = k> +2(k)(i) + (1) = (K> = 1) + (2K)i
2 =(k+i)’ =k* +3(k)> () +3(K)()* + (i)’
=(k* =3k)+(3k* = 1)i
2’ —iz* —271-4i=0
[(k® =3K)+(3k> = 1)i]=i[(k> = 1)+ (2K)i]- 2[k +i]-4i =0
[(k® —3K) + 2k — 2k]+i[(3k> =) = (K> =1) =2 —4] =0
(k> —=3k)+i(2k* —6) =0
k(k*-3)=0 and 2k’ -6=0
(k=0 ork:i\/g) and k =+/3
Hence, k =+3
(?3_) z=3+i (- k>0)
ii
|z|=+1+3=2

arg(2) =%




Method 1: By Polar Form & Trigonometry

7 =2e"° =2| cos=+isin—
6 6
, nr .. nr
2" =2"e"% = 2" cos—— +isin—
6 6
. V4
z" is real <::>sm?=0

@n?ﬁ:kﬂ, where k e Z

< n=6k, wherekeZ
Hence, n=0, +6, +12, *+18, ...

Method 2: By Properties of arg(z)

arg(z") =narg(z) :n?zz

z" is real, the point representing z" on the Argand diagram is on
the x-axis.
N
Thus, arg(z")= o k7, where k e Z
..n=6k, wherekeZ
ie. n=0, £6, £12, £18, ...
>100.

Given (2"

2"|=]z[ =2"

Hence, 2" >100
But n is a multiple of 6. We then have

2° =64 <100

2'2 = 4096 >100
The least value of n is then 12.

4 n(7n+9
Let P, be the statement Z S+l = ( ) for

r(r+1)(r+2) 4(n+1)(n+2)

r=1

all integers n> 1.

Whenn =1, Lis-y —orrl 3+l 2
~ rr+)(r+2)  1(2)3) 3
7+9 2
S 42)3) 3
- P, is true.

Assume that P, is true for some positive integer k, k> 1,

k 3r+1 k(7k +9
3 _ k(7k+9)

r(r+1)(r+2) 4(k+1)(k+2)

Need to prove P, is true,

r=1




9 (i)

. & 3r+l (k+1)(7k +16)
1.C. Z = .
Sr(r+1)(r+2) 4k+2)(k+3)
K 3r 41
LHS of Pkﬂ—;m
k 3r+1 3(k+1)+1
Sr(r+1)(r+2) +(k+1)(k+2)(k+3)
k(7k +9) N 3k+4
4k+Dk+2) (kK+D)(k+2)k+3)
7k* +30k> +39k +16
4k +1)(k+2)(k +3)

(7K> + 23K +16)(K +1)
Ak +1)(k +2)(k +3)

(k+1)(7k +16)
4k+2)(k+3)

. P i1strue = P, 1s true.

=RHS

Since P, is true, and P, is true= P, , is true, by the Principle of

n n(7n+9
Mathematical Induction, Z 3r+l = ( ) is

r(r+1)(r+2) 4(n+1)(n+2)

true for all integers n > 1.

n(7n+9) 7 6n+7

4(n+1)(n+2) 4 2(n+1)(n+2)

Since n is a positive integer. on+7 >

P S (1) (n+2)

Z”: 3+l __ n(n+9) 7 6n+7 7
Sr(r+1)(r+2) 4(n+1)(n+2) 4 2(n+1)(n+2) 4
Alternatively,

n 3r+1 no 5 7 1 5 7
Z‘r(rﬂ)(uz ézr r+l 2(r+2) Ty 2(n+1) 2(r+2)<4
. . o -1 5

Since n is a positive integer, — — <0

2(n+1) 2(n+2)




9 1 (r+1)*=r+3r +3r+1
ii
W r(r+1)(r+2)=r>+3r2+2r

(D) > r(r+)(r+2)

n n n

z 3r 3<z 3r <Z 3r+1 <Z.

o (r+1)° Sr(r+h)(r+2) rr+)(r+2) 4
10

x* —4k? .
= " where K is a constant such that k # 0
X_
xy —ky = x* —4k?

x> —xy +(ky—4k*) =0

X is real = discriminant >0

y —4(ky—4k*)20

y* —4ky +16k> >0

(y—2k)" +12k* >0

This inequality is true for all values of'y.

Therefore y can take the set of all real numbers.

Alternative Method:

5,
dx
x> —2xk +4k*

(x=k)’
X* —2xk +4k> =0
discriminant = —12k”* < 0 no real roots. Hence, no turning pts.

yell.




10

i 2 _ 2 2
(I) _ X 4k x4k — 3k
X —k x—k
Asymptotes: y=x+k and x=k
Points of intercept with axes: (0,4k), (-2k,0), (2k,0)
A ||
y :
b ]
10 1 1 1 3k?
ii _ _ _
(i) Lf(|x|) dx_2j0f(x)dx_2_[ox+k - dx
X’ 1
:2[—+ kx—3k21n|x—k|}
2 0
:2{%+k—3k21n|1—k|+3k21n|—k|}
) K
=1+2k + 6k lnk—.
10 )
(iii) X _ak2
X2 —4k? (2 _ X2 —16k?

DS (X]—k 7 T Tk
2

C(x+2kK)"—16k*  (x+2k)" 16k

C2(x+2k)-4k 2x




11
(i)

axb=4axc
(a><b)—(4a><c):0
(axb)—(ax4c)=0
ax(b-4c)=0

a is parallel to b — 4c
b-—4c=ca

(i)

laxb| =126
%|4axc|:\/ﬁ

|a><c|=—\/122_6

‘(bxc)—(4c><c)‘ =

(b=

Alternatively,

bx(b—ﬁaj

4

|b><C|: =%|bxb—bx\/§a|

(iii)

Area of parallelogram with adjacent sides OB and OC.

(iv)

(b —4c) . (b —4c) =3|a)?
b2 -8b.c+16[c] = 3[aP

12
(i)

s ix/2 i(2k;z+%)
2’ =¢e""=¢ , wherek e Z
. 2kzr 7
;g5 10

Putting n=-2,-1,0,1,2

10




12
(i1)

r. 37, . . or.

7= 1,6 10 g0 g g0
2 b b 2

Given —r <arg(z,) <arg(z,) <arg(z,) <arg(z,)<arg(z;)<r.

. 3.

. .

1 —I —I
1 — 10 — 10 — plo —p2 —al0
ie. z,=e 0,z =e 0 z,=¢",7,=¢2,z2,=¢

V4 o

Let the points P1, P2, P3, P4 and Ps on the Argand diagram

represents the complex numbers z,, z,, z,, z,, and Z,.
y
Ps3
\
1
! N
5l X
1
P, -_|_ _--""P2
-1

The locus |Z — Zz| = |Z — Z3| is a perpendicular bisector of the line

segment P2P3 where P, =7, and P, =z,.

Since OP2Ps is an isosceles triangle, the perpendicular cuts
through the origin and bisect the angle P2OPs.

Thus the perpendicular bisector is inclined at angle % radian

below the positive X-axis.
Hence, the Cartesian equation of the locus|z - Zz| = |Z - Z3| is

4 Or
=—Xtan(—) OR Yy = Xtan(—
y an(lo) y an(lo)

arg(z—z)) =arg(z,)

11




z,=0P , z-2,=0P-OP ic. z-7=PP

The least value of |Z - Zl| is the shortest distance from P to the

perpendicular bisector (line OPs).

PN . 4z N
— =S1N — PS 0
op 10 - 3w\

10
PN =OP, sin4—7[
10

= sinz?” =0.951

P:
12 | The locus arg(z —z,) = arg(z,) is a half-line with its initial point
(ii)) | at Py and above and excluding P1, parallel to the y-axis. (Refer to
diagram.)
12 | The intersection point between the 2 loci has the same x-
(i) . . . -1 kY1
coordinates as the point P, 1.e. X = COSW = —cosﬁ .

Substituting x = — cos% into the equation of the perpendicular
bisector y =—X tan(%) , we have

y= —(—Cos3—ﬂ)tan£= cosS—ﬂtanl =0.191
10 10 10 10

X= —cos3—” =—0.588
10

Coordinates of the intersection point are (—0.588,0.191) .

12




13
(i)

1 1 2 4k
S:EH(2x+8k)=E(2x+8k) (4k) —x? (radius)
= (X +4k)\16k* — x* (shown)

(i)

3—)8(:\/16k2— 2 —(x+4k)x(16k2—x2)_;
_=22xP—4kx+16k*
ek o
x> +2kx —8k* =0
(x—2k)(x+4k)=0
= x=2k or x=—-4k (N.A,x>0)

0

dS _ —2x* —4kx+16k* _ —2(x* +2kx—8k?)
dx Ji6k? = x? Ji6k? = x2

d’s m(b‘”k)—(xz+2kx—8k2)%(16k2 ) (<2x)
=2
dx* 16k> - x°

when x =2k

2 2
d ?Z_lelzk 26k __Ji2<0
dx 12k

Area of trapezium is maximum when x=2Kk.

(iil)

Using similar triangles: 2k
h _w-2k

H 2k w-2K

When x = 2k, H =+/12k> = 24/3k H
:&+2kzl+2k

3
By :%h(4k +2w) :%h(4k +2(1+2kD

w

V3

=3h (4k + %)(shown)

13




(iv)

dv h 1
— =|4k+— [3+3h| —
dh ( ﬁj (ﬁj
6h
=12k +—=
NE)

When h =3k, C;—\r/]:18k
dh dh dv 02 1

—=——x—=—""=——m/s
dt dv dt 18k 90k

14




