Solutions to P1 Prelim 2016

_ n+1
Let P, denote the proposition S, :( n 1](4 J+§ fornel™.

n+2 3
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When n=1, LHSZS]_:U124(1) :E.
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RHS{H) 4~ +E=E=|_Hs_
1+2){ 3| 3 3
- Py is true.

_ k+1
Assume Py is true for some k e[17, i.e. Sy :(uj 4 +§_
k+2)| 3 3

To prove P, isalsotrue, i.e. Sy 4= (k_Bj 3 +§ _
_+_

LHS =Sy 4
=Sy +Ug41
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Since Py is true and Py is true = Py is true, by Mathematical Induction, P, is

trueforall ne ™.




17X +23x+12 _ A L Bx+C
(Bx+4)(x*+4) 3x+4 x*+4
Solving, A=2,B=5andC=1
J‘217x2+23x+12 X_J~2 2 bx+1
2(3x+4)(X*+4) 23Xx+4 X’ +4

_(* 2 5( 2x 1
—I +—| = +——dx
23x+4 2\ x"+4) x°+4

:E[|n|3x+4|]2 +§[|n(xz+4)]2 + ltanl(ij 2
3 277 2702 2)],

=Eln5+Z
3 4

dx

x=1(sintcost+t)=£t+£sin2t and yzlt—lsinZt
2 2 4 2 4

%:lcoszul and d—yzl—lcosm
dt 2 2 ad 2 2
dy 1-cos2t 1-(1-2sin’t) ¢

= = =tan’t
dx 1+cos2t (2cos’t-1)+1

When %zl:tanztzlzﬂzi%

X
Since t <0, tz—z,and X:—l_z and yzl_z
4 4 8 4 8
; - 1 7 1 7z
Equation of normal is y—| —=—— |=—| x—| = ——
4 8 4 8

y=-x-7
When y=0, x=—%.

2 0 2
o =lﬂ(l—£j (E—ljwzj [lt—lsinth [10032t+ljdt
Volume requiredis 3 \4 8 8 4 \2 4 2 2

=0.00759 (5 d.p.)

% =tan’t ~t> — 0 as t approaches 0.
X

Therefore the tangents are parallel to the x-axis.

OM =%(ﬁ+&)=%(2a+b)

ON =20M =2xX(2a+b)==(2a+b)
3 3 2 3




mzcm—cﬁ:%(zam)—a:%(b—a):%ﬁ

Since AN is parallel to AB and A is the common point, hence A, B and N are
collinear. B1
Since P is on AB, OP =a+ A(b—a), where 1 e[l

MPLAB =0

a+/1(b—a)—%(2a+b)}[(b—a) =0

_[ﬂ,—%]b—la}t(b—ahO

/1—%)|b|2 —(ﬂ—%)a[b—/la[b+/1|a|2 =0
Buta’b =|a|b|cos AOB = 2x3c0s60° =3

Hence, 9(&—%)—3(2—1J—3ﬂ+42 =0

=2
=

OP=a+=> (b a)= (4a+3b)

Alternative method:
= [a||b|cos AOB = 2x3cos60° =3

Using cosine formula |b-a| = \/|a|2 +|b[ -2/al|b|cos 60 = /7
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|b al |b a|

1/ b-b-a-b
_= b—
2[ baf ]( K

(b-a)

\II@

(b-a)

\lloo I\Jll—\

OP = a+§(b a)= (4a+3b)
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2
Let G:Sin‘ll:>sin<9:1:>c030:1/1—y—2,
r r r

Diffwrty:cosé?d—e:1 9 __1

= —=
dy r dy rcosé

.-.m=tan0:>d—m:seczt9d—9= 13
dy dy rcos’ @
. dm 1
e, —=—"——

3
|
10r* —y®

d—T is the rate of change of the gradient of the line OP

Alternate method 1:

m = tan (sin‘l Xj

.
d_m =gec? (Sinl XJ ;(Ej
dy r r

(1)

1

cos? (sinl Zjbrzliyz]

1 1 . . y
whered=sin'< = sing=2
coszel /rZ_y2] r .

ot
(X/I’)z r2_y? X2 r2_y?




(r2 _ y2 )3/2
Using d_m:d_mxg
dt  dy dt
r? r

(v )" *1000

r3

) 10°(r? - yz)?’/2

)

Z—T is the rate of change of the gradient of the line OP.

Alternate method 2:

m = tan (sin‘l %)

1Y
;

s T=0)

1+m? ) dy 1_[y)2 r
r

dm  1+m?

Ay oy

2
_l+tan' o where =sint< = sinfd=
r?—y? r

tan m=sin"

y
r




(rz _y )3/2

Second part is similar to the above.

Alternate method 3:

m = tan (sin‘1 %) =tand, where@= sin‘l%
m:¥= zy 2
r’—y
m ) ) 2
dy (r2 —y2)
m"‘ yz (rz _ yz )‘1/2
(7Y
(rz . y2)+ yz
(v ()
r.2
Second part is similar to the above.
6(1) r2 +r-1_A B C

r+2)! vl (r+0)! (r12)!

r2+r-1_A(r+1)(r+2)+B(r+2)+C

(r+2)! (r+2)!

By comparing coefficients,
A=1B=-2,C=1

.r2+r—1 1 2 1

T(r+2)! ﬁ_(r+1)!+(r+2)!




(i)

: —.:i(%‘(

2 1

r+1)!Jr

(r+2)!]

>

r=4

n-2

M

k=2

r!

Replace r with (k + 2)

(k+2) —3 (k+2)+1

k+2

]
1 1 1
= —— +
2 (n+D! (n+2)!
() | since r2—1<r2+r—1forr>0, sowe have
r2—1<nr2+r—1_£_ 1 1
_1(r+2)! —~ (r+2)! 2 (n+)! (n+2)!
1 n+1 1
= —_—— <_
2 {(n+2)!} 2
(- n+l >0as nell™)
(n+2)!
(iv) r? -3r+1




N
3 (n=-1n! n!
C r’+r-1
Alternatively, consider Z— and sub. r =k —2. So we have
(r+2)!
r=1
2
Zn:r2+r—l_nz+:k2—3k+1
(r+2)! kit
r=1 k=3
n+2 2
Zk -3k+1 1 1 1
= =—- +
= k! 2 (n+)! (n+2)!
2
:nikz—3k+1_£_ N S e O B
— k! 2 (n+)! (n+2)! 3!
1 1 1

“3 (D! (n+2)!

n

.Zk2—3k+1_£_ 1 1
B k! 3 (n-1! n!
k=4
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-8 12




From diagram, tana =

and tan(0+a)=

><|l:‘><|\1

tand =tan((0+ ) — )
_tan(@+a)-tana
C1-tan(f+a)tana
17 7

X X
17 7

-0

X X
10
x___ 10x
~ 119 x*+119
X2

(shown)

1

Differentiating wrt x,
oc? gd_H B 119+ xz)(lo) —10x(2x)

dx 119+ X2)2
_ 1190-10x?
(119 +x%)?
For maximum angle,
deo )
—=0=10x"=1190
dx

Since x>0, x=+/119
Since sec?6 >0,

(i) [ () | (150

Sign
of + 0 -
do

dx
slope / - \

Using sign test of derivatives at vicinity of x =+/119, it can be shown that the angle is
maximum.




10v119 5119

Therefore, tan @ = =
119+119 119

=0 ~25°

8 (i) W' = —1++/3i
w* =2ei%ﬂ
1 ii(ziﬁzkzj
w=24g 43 k=-2,-10,1,
sz%ei [7%) Ziei (73’ ziei [%]’ Z%Ei (%ﬂ)
(ii)(1+2)' +1-iV3=0 = (1+z) =-1+iV3
z=w-1

Z= Z%Gi (7%@ -1 Z%Qi (7@ -1, Z%ei (%) -1 Z%Ei (%ﬂj -1

Z 22%(; (%] -1z, =2%ei( Z] -1z, = Z%ei(%j -1, 2, =2%ei 5 -1

A
Im
4./3,4)
Z4
X \\xz,g""
’ P
[ w40 ~
Y 2 > Re
Zi "~ _ X
Z;

(iii)
Least possible ZiQ =Z3Q=8-2-2" =6 - 2"
Greatest possible ZiQ =2:Q=8+2+2"* =10-2"*

. dx
Q) P X(a—Xx)

dx
J‘x(a—x) :Idt

1

1
e dx:jdt
X a-x

iIn|x|—£|n|::\—x|=t+C
a a

lInL:tJrC
a |a-x
In——|=at+aC
a—X
X

—= = Ae®™ where A=+e*
a—x




Whent=0,x=0.2a

0.2a
0.8a
Al
4
Whent=1In2,x=0.5a
0 5a 1 pan?
05a 4
4:ealn2
22 =4
a=2
X 1,
Subst. valuesof Aanda, ——==¢
2—-X 4
4x = 2e* — xe*
X(4+e™)=2e"
2e* 2
= shown
( Zt) 47 +1 ( )
(i) d—_10 ot?
K ot—3t+ A
dt
x:5t2—%t4+At+B
Whent=0, x=0.2a
B=0.2a
X = 5t? —%t“ +At+0.2a
X
A
A= A>0
0.2a
A<O

10
@)()

sin x+\/§cosx: 25in(x+%)




(i)

»<

. 7
For f to have an inverse, f must be one-to-one. Hence largestk = %

Consider y = 25in(x+1j = X =5in—1(lj_£
3 2 3

So f_12XI—>Sin_1(£j—£,
2) 3

—2<x<L2.

For ff1(x)=f"1f(x , we must have Df N"Dg1.
f f

So the solution set is x {% 2]

(b)(i)

5x
1+X

5x
1+ X

Consider y=2— 5

=2-y= 5

= (2-y)(1+x?) =5x
=(2-y)x? =5x+(2-y)=0
D=(-5)%-4(2-y)(2-y)=0
25-4(2-y)? >0

(5-2(2-y))(5+2(2-y))20




(1+2y)(9-2y)=0

|
N |-

<y<

N | ©

Sorange of g = [—

N |-

9
2

L 1

(i)

5x
1+x

9(x) =2~

2

X
o-2)
2) _,, 10x

Scale the graph of g by factor 2 parallel to the x-axis followed by a reflection in the

y-axis followed by a translation of -2 units in the direction of y-axis.

Or
5(2) 10
-2+ X

5X X
2 837" 2- 2 2
1+x 1+(X) 4+ X" Scale the graph of g
2

(x) 10x
> 0| - |+2= 5
2 4+ X

9(x) =2~

by factor 2 parallel to the x-axis followed by a reflection in the x-axis followed by a

translation of 2 units in the direction of y-axis.
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1 1
) L:r=|2|+4]a|,Ael]
1 2
3 1
Lir={0|+ul2| uel
5 3

Equating the equations of the 2 lines,
1+1=3+u

2+al=2u
1+24=5+3u




u=0,1=2
na=-1
(i) Coordlnates of Bis (3,0, 5)

Solving,

1
ABI| 2
Sh di from B 3
ortest distance fromB to p1 = i
3 1 2\(1
0[-|2 -2 [[2
5 4)\3) 10
- J14 V14 14
Alternative solution 1:
1
Bl
Equation of plane p1 : r[3 3 = = 8
14 14 Ji4
Equation of plane parallel to p1 and containing point B is
1 3
2 0
3 5)\3 18
TR 7N
. . 8 10
Shortest distance from B to pz is \/_ \/_ \/_

Alternative solution 2:
Let F be the foot of perpendicular from point B to plane p1
Line |2 meets plane pz1 at point F

3 1
OF =| 0 |+ 4| 2 | for some A el
5 3
3 1
0|+u| 2
5 3

3+15+ u(1+4+9)=8

5

ﬂ=—7

=8

w N

Shortest distance from B to p1is ‘ﬁf‘ =l-=|2 :g\/1+4+ =g\/ﬁ




|AB|=2* + (-2 +4° =24

sin0=ﬂi
Jid V24
0~33.1°
1 1
(ii))A normal vector to pzis | 2 x(l =
3
7 1\(7
Equationof pzis rf} 1 |=|2[] 1
-3 1

Cartesian equation of p2is 7x+y—-3z=6

(iv) Equation of x-y plane isz =0
Let « be the acute angle between

7)(0
100
-3)\1 3
cosa = = NS

p2 and x-y plane.




