2016 H2 MATH (9740/01) JC 2 PRELIM EXAMINATION — MARKING SCHEME

Qn Solution

1 Inequalities

(i) x2—2x+5:(x—1)2—1+5
=(x-1)" +4 >0 vxel

i
(i1 5 X <— X+22 , x>0
X°=2X+5 X =2X°+5X
: X B X+2 <0
X =2x+5  x(X*-2x+5)
2
_X=X=2 _,
x(x2—2x+5)
) , (x—2)(x+1)
Since X° —=2X+5>0 for Vxell, ———=<0
X
X<—-lor0<x<2 -+ - +
*———o
-1 0 2

(iii) e* S e +2
e —2e*+5 e —2e* +5¢

Replace x with ¢”.

—1<e* <0 (rej. ve*>0)ore* >2
X>In2
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Solution

2 Definite Integrals
(@) p 3 o r1
L In(x)dx =[xIn x| —L (;)x dx
=[(pinp-0)-(p-1)]
=plhp-p+1
(b)

4

q__l:(éj(83_1J
4 4 4
q* 1 (3
———=|=|(16-1
4 4 (4j( )
q* =46

1
q=46*
a=46,b=4
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Qn Solution

3 Mathematical Induction + APGP

(i) Let P, be the statement

1+ ! + ! +...+ ! =2 1—L ,nell”.
1+2 1+2+3 1+2+3+...+n n+1

When n=1,

LHS =1.

RHS =2 1—L =1=LHS
1+1
- B is true.

Assume that P, is true for some k €[] ”

) 1 1 1
re. l+——+ +...+ =2/1-——

1+2 1+2+3 1+24+3+...+k k+1
To show that B, is also true

1 1 1

1.€. 1+L+

When n=k +1,
LHS
1 1 1
+ + +..+
1+2 1+2+3 1+2+3+...+k+1
1 1
- +
k+1) 14+24+3+...+k+1
1 1

- +
K+1 k2+1(1+k+1)

=2|1

=2|1

1 2
Tkl +(k+1)(k+2)
—2(k+2)+2
k) (k+2)

-2k -2

- B, istrue = P, , is true

forall nell ",

+..+ =2|1-————
1+2 1+2+3 1+2+3+...+k+1 [ (k+1)+1

|

Since P, is true and B, is true = B, is true, by Mathematical Induction,

P, is true

1 1 1 1
1+ + +.+ =2|1-——
1+2 1+2+3 1+2+3+...+n [ n+1]
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n+1 n+1
1 1 1
+ + +...+
1+2 1+2+3 1+2+3+...+n

Asn—>oo,L—>O .'.2(1—Lj—>2

Sl +..=2

Qn Solution
4 Maclaurin Series
f(X) =cos™' X
f'(X) = -
1—x?

3
2

£7(x) =%(1—x2)

(=2x)

(1-%)f"(0) = —x(1-x) 2
(1=%)£"(x) = X £'(x) (shown)

(1=%)£"(0) = x £'(%)
(1= )£7(x) = 2% £(x) = X £(X) + £'(X)
(1=X)£7(x) = 3x £"(x) +£'(X)

T

£(0)= 2 f'(0)=-1, £"(0)=0, f"(0)=-1
I - X
cos ' X=Z—x— ...
2 6
Let sin”' x=0

Let cos ' X=«

O+a="2
2

sin”' X+cos™' X = (shown)

sin”' X+cos™' X =

. T O T (7 x?
sin X:E—cos X=——| —=X——+...

oY (N

2 \2 6

. x?
SIm X=X+—+...
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Qn Solution
5 Maximum/Minimum Problem
Let volume of silo be V
V =zr’h +§7n’3
Time needed to paint the silo = 20(2zrh)+35 (27rr2)
60000 = 407zrh+ 7071
he 60000 —707r?
407zr
2
V = 21 60000—707zr +gizr3
407zr 3
=1500r—17zr3 +Em3
4 3
= 1500r—£7zr3
12
ﬂ = 1500—27”2
dr 4
For maximum V, d_V =0
dr
= 1500—27rr2 =0
4
Emz =1500
4
, 6000
r’=——
137
-_ . [6000
137
since r>0, ~r=/22% _131207=12.1 (3s.£).
137
2
d\i =—E7rr<0, for r=12.1207.
dr 2
Alternative:
r [6000 ) | (6000 [6000 |
137 137 137
dv + 0 —
dr / - \
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Qn

Solution

Recurrence Relations

(i)

Using GC, roots of equation are o =1.253, f=7.848.

(i)

Asn—o, x =L, X, —>L

n+1
~L=In(L-1)"+4=2In(L-1)+4-L=0

Since equation is identical to 21n(x — 1) +4-x=0
S L=1253=a or L=7.848=p

Hence the sequence converges to either « or .

(iil)

Using GC, it can be observed that
when X, =3, the sequence increases and converges to 7.848 = £

when X, =12, the sequence decreases and converges to 7.848 = 3.

(iv)

X, —X =In(x, —1)’ +4-x
From graph,

if a<x, <pB,2In(x,~)+4-x, >0=1In(x, —1)> +4>X, =X, >X,

n-+1

if 1< x, <aorx >pB,2In(x,—1)+4-x, <0=In(x, - 1) +4<X, =X, <X, .

n+1
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Qn Solution
7 Vectors

(i) Using GC,
X=20-5z
y=20+2z
z1=1

20 -5
l:r={20|+A4| 2|, Aell
0 1
(i) Normal Vector

20 -5 20

20 x| 2 |=| =20

0 1 140

1 0 1

_‘
(]
< L
I
o O
[
< L
1
(e}

Cartesian Equation: Xx—y+7z =0 or equivalent

(iii) 20 -5
r={20|+u| 2 | where £=0,1,2,3,4
0 1
(iv) The vector equation in (i) allows for X, y and z to be real numbers. But the circuit

boards produced is a physical quantity and must minimally be an integer.
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Qn

Solution

Functions & Transformation of Graphs

(i)

Since R, =(0,0) < D, = (0,0), gf exists.

1 2
gf:XHln(—] , X>-1.
X+1

(i)

<

y=g(x)

(1,0)

(0.466,-0.764)

)
v
<

y=gf(x)

x=—-1 x=0

R :(—oo,oo):D

ef

(iii)

Since x > —1,x+1>0, gf (x)=-2In(x+1)

From y=Inxto y=-2In(x+1):

1. Translation of 1 unit in the negative X-direction
2. Reflection in the X-axis
3. Scaling parallel to y-axis by a factor of 2

[Accept any other possible correct sequence such as 1-3-2]
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Qn | Solution
9 | Curve sketching and differentiation

(i) £(x) :ﬁ

1 71
f'(x):\/(l—xz)-l— -5-(1—x2) 2.(-2x)

3
;3>0 -.-—1<x<1,.'.(1—x2)2 >0J

(l—xz)E

Since f'(x)>0for —1<x <1, fis strictly increasing.
(i) y /

y=f(x)

>\

(0,0)

1
x=—1;

(i) | w(x)=g(x)f'(x)+g'(x)f(x)
From (i), f'(x)>0 for —1<x<1.

<0 for -1<x<0
From (ii), f (x)=4=0 forx=0
>0 forO<x<l1
<0 for —1<x<0
From the given graph, g(x)>0 for —1<x<1 and g'(x)=<=0 forx=0
>0 forO0<x<l1

Therefore,
When -1<x<0, w'(X) >0. .

When x =0, w'(x)>0.
When 0<x <1, w'(x)>0.

Since w'(X) >0 =0 for —1<x <1, there are no stationary points in the graph of w.
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Qn

Solution

10

Complex Numbers

(@)

Z=W+2i—-1 - ()
7’ —iw+§=0 —(2)

Method 1
From (1): Ww=z-21+1 --(3)
Substitute (3) into (2):

zz—i(z—2i+1)+§:0

2 iz —i41=0
2

Method 2
Substitute (1) into (2):

(w+2i—1)2—iw+§=0

W +(2i-1)’ +2(2i—1)w—iw+% =0
w%wwy_y_%_mzo

—(3i-2)+ \/(3i—2)2—4(1)(—;—4ij

2(1)
(3i-2) £(1+2i)

W=

W=

(i)

1
I=W——=2cos@+2isinf— lcosé’—lisiné’ Zicosﬁ+§isin¢9
W 2 2 2
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Re(2) = %cos 0, Im(z)= %sin&’

(i)

X=§cosﬁ, y=§sin¢9
2 2

cosé’zgx, sin<9:gy
3 5

Since cos’ @ +sin* @ =1

BRCR

X2 y2
3V 5\
3 )

azi, b=E

2 2

Re‘( %
/ Locus of z

(2,0)( (4.0)
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Qn Solution
11 Parametric Equations + Applications of Differentiation and Integration
dt dt 1-12
dy _dy  dx
dx dt dt
_ vt
Ji-t2 3t
1
3t1-t?
Atpoint P, x=p°, y=41-p°.
Y1 p = (x-p)
Equation of tangent at P : 3pyl-p
3p(1-p*)-3pyV(1-p*)=x—p’  (Shown)
(ii)

Substitute X = p°, y=+/1—p* into y =43 x

/1_p2:4\/§p3

1—-p*=48p°
48p° +p>—1=0
Using GC p——l or p—l
S 2 2

(N.A.since 0< p<1)

1\/§J

.. Exact coordinates of p are (5’7 .
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(iii) | Equation of tangentto C at P:

Gl-E -

When y=0,
9
—=X—-—
8 8
5
X =—
4
.. Exact coordinates of Q are [—,OJ
(iv)
y
C
(0.1)
X
O
When X :l, t:l.
8 2

Whenx=1, t=1.

Area of shaded region = Area of required region

S R
=£—ﬁ ﬁ(%)dt

32 Y3
=93§—ﬁ 3t21-t2 dt
2

(Shown)
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) dt
Lett=sinu, — =cosu.
du

Whent = z

1
2’
Whent=1, u==

2

3—— 3t2\/1 t? dt—ﬁ—j 3sin’ uv/1—sin’u cosu du

:i— 2 3sin’u cos’ U du
32 %
9\/_ 3J- (2s1nu<:osu) du
32 43
:%—i Esin22u du
32 43
_&_i"‘ 1—cos4u du
32
ﬁ—z gl—cos4u du=ﬁ—2 u—lsin4u}2 du
32 8oE 32 8| 4 -
6
=————|| ———sin2x |-| ———sin—
32 8 6 4 3
93 3|z 7z 1(\3
32 812 6 4{ 2
M3 3 Lﬁ
32 8|3 8
93 33z
32 64 8
153«
64 8
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