2016 VJC JC2 Prelim Paper 1 Solutions/Comments
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By Pythagoras theorem, BC?+ 1> = 82p BC= /63
0= tan 1@
10
Min arg(z- 6+ 4i)= Z- tan 1@= 0.900
2 10
Max arg (z- 6+ 4i)= %+ tan’ 1%= 2.24

Alternative : Equation of circle is (x- 6)° + (y- 5) = 64- - (1)
Equation of perpendicular bisectorisy =6 - - - (2)

Substituting (2) into (1)

(x- 6) + (6- 5)' = 64b x=6+ /63

Min arg (z- 6+ 4i)= arg(6+ /63 + 6i- 6+ 4i)

= arg(\/63 + 10i )= tan" 1 10 _ 0.900
(

J63
Max arg (z- 6+ 4i)= arg(6- J63+ 6i- 6+ 4i)

= arg(— J63+ 10i): m- tan’?

=224

10
/63
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4- Tx- x(x— 3)3 0
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X2+ 4x- 4
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X - 3 - + - +

(x+ 2+ 2v2)(x+ 2- 2&)£ . —>
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S2-242 -2+22 3
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\ x£-2-2J20r- 2+ 2J2£ x<3
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b | Lete, fand g be the ages of Edwin, his father and his grandfather respectively.

e+ f+g=53 3=159 - - - - (1
1 1 1
—e+=f+=-g=65 ----(2
PRAIETAT (2)
g- 22=2(f- 22+ e- 22)
2e+ 2f- g=66 - --- (3)

From GC, e= 24, f = 51, ¢ = 84.
The ages of Edwin, his father and his grandfather are 24, 51 and 84 respectively.

4ia | When k=1, f:xa (x- 2)2+1 x1j,x£2
Let y= (x- 2)%+1

(x- 2)22 y-1

x- 2= i\/ﬁ

x= Zi\/m

Since x£ 2, x=2- [y- 1,

fl:xa 2- m,x3 1

b A

y="1(x)

v
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Qn | Solution
o u u+2-12—0+1—1
20 @+ 2) 6 6
P +2y 6 24 12
u u+2_3z—i_L—i
Y0 (B+2) 12 120 40
i u_l_ 2-1 u_i_i_ 3-1 u_i_i_ 4-1
276 @+’ 12 24 @+ Y 40 120 (4+ )
By observation, a conjecture is that u, = -1
(n+ 1)
iii - -
Let P, be the statement u,, = 222 forall nl ¢t
(n+ 1)
Check Pi:
LHS=u =0
RHS = &: 0
@+ 1)
\ A istrue
Assume that Py is true for some positive integer &
e u = <1
(k)
We want to show that £, istrue. i.e. u,,, = _k_
(k+ 2)
LHS= u,,,
C e 2 k?
ok 2)
k-1 2- K
(k+1)  (k+2)
_ (- D+ )+ 2- K
(k+ 2)
kP k- 2+ 2- kP
(k+ 2)
-k __ RHS
(k+ 2)
Since Py is true, and P, istrue P B, is true,
by mathematical induction, P, is true forall nT ¢*.
6 | If the distance 4B is the least, the line segment AB is perpendicular to /.

B(b,2+/b) and A(a,2a+ 1)

Gradient of B4 = 2Vb- 2a- 1
- a
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Solution

2Jb- 2a-1_

- a

Since gradient of / is 2,

N |-

b 4/b- 4a- 2=a- b
1
b a==(b+4Jb- 2
a= 5 )

(4BY = (2Jb- 2a- 1) + (- af
= (2Vb- 2a- 1)2+ (4vb- 4a- 2)2
= 5(2\b- 2a- 1)2

- 5?2\/_- %(b+ Wp- 2)- 1%2
-2 i 2 12

= g(2\/3- 2b- 1)

= %(219- 2Jb + 1)

2ABdAi— —(2b 2Jb + 1)%52- =

d4B _ 1
When —— = 2b- 24b + 1% .
db ( JB

G‘IIIO

Consider (Zb- 2b + 1):

since (- 2)°- 4(2)()<0, (2b- b+ l)= 0 has no real solution.

2. Loopp=t

7 "2

5

the point on C nearest to / is (b,2+b =§,1¢.
P CEON =

Alternative :
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Solution

2
Since [\/Z—%] >0 for all real b, (4B) is the least Whenf:% , that is, b= L

Hence the point on C nearest to / is (b, 2\/3) = Gl}

Alternative :

When (4B) is the least, tangent to C at B is parallel to /.
i.e. gradient of tangentto C =2
y2 = 4x

. . 0
\ coordinates on C nearest to / is g,lg.

7
a ixex3 = ex3 + x3xze’“3
dx
= e (1+ 3x%)
O x? (1+ 3x° )ex3 dx = xexsx2 - b xex3 2xdx
= xexax2 - %c‘) 3x2ex3dx
= Pe’- 2 s
3
b d_y_ sec? x u=tanx
dx  2sec’x+ 4tanx+ 7 du _ sec? x
_0 sec® x i d >
77 8 2sectx+ dtanx+ 7 y :u +1
0
=0 — ! du 1
6 2(u®+ 1)+ bu+ 7

secx= u’+1

1

_0
"8 2+ 4u+9du sec’x=u’ +1
_18 1 or

28 u2+2u+9 sec’x=tan’x+1

=u’+1

0

20 > 7

0 (u+1) ty
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2(uw+1
= —Ef—ta EL(” % ¢
0
. B2 (tanx + 1)j+
Via g T
8i S g,,(,,_,_ 2)3
a Ine=——=y
r=2 8(]"‘" 1) H
= é_ (Inr- 2In(r+ 1)+ In(r + 2))
r=2
= In2 - 2In3
+
M
+ o) -
+ | - In(n+ 1)
+ 2In(n+1) + In(r+2)
In2- In3- In(n+ 1)+ In(n+ 2)
2 n+ 2
=In=+1In
n+1
" As n® ¥ ,Inn+2®ln1=0,Ing+lnn+2®lng.
n+1 3 n+1 3
Since the series tends to a constant, it converges.
The sum to infinity is In%.
i feners 4)U Y &+ 2)L
e— In4+In e—zl,t
r—2 ¢+ 1) z 80+ 1) @
=12In4+ In2+ InE
3 14
83886080
= |n———
7
9i A
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1 P
V= 7o, ¥ dy Alternative:
h h
=7, (*- 0= ) =ﬂf (=02 -2y +r) dy
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& (- Yy h
:n'gfzy- —H _”J 2 2 d
= ry=y y
e % (=)
3 5 h
h- 30
:nEfzh- (- 1) ) 7’_5 =7r[ry2—1y3}
3 33 3"
3 ) =
2h- —+ hzrg
- , P rsg
- hrt+ —- —3
SRR |
39
= nghzr— h—E
37
7h?
=™ Gr- h
"o )
iii 2 3
av_ 3" _ o
dr 24 36
arv _ )
E— 71,'(2hl"' h )
dh_ 1 E”_f’gg
dt  z(2hr- i°) 3673
3

r

o 36(2hr- 1)
3

Rate of decrease is ——— Cm
36(2hr— h )

iv The rate of decrease of the depth is the least when the bowl is full, i.e. 2 = r.
dn r o

E__BGr(Zr—r) T 36

The slowest rate at which the depth of water is decreasing is

3—% cmst

10i | Let O be the angle between p; and p..
102
5o 1
25657

cosé = g p_ 3

30430 30

[REEEH[=E

P =843

ii x- S5y+ 2z=13,
- 2x+ y+5z=1,
FromGC,x=- 2+ 34, y=-3+ 4,z= 1
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20 @0
\ equation of / is y = & 3%+ AR1Z AT |
"Eop &3

The point of intersection of p,, p, and p, is the point of intersection of / and p, . (,0,b)is a point on
L.
0 20 0 a=-2+3]

= £ 3%+ AB13p =3
b5 603 Blg b= 4

\a=-2+3 3=T7andb=3

Alternatively, subst x =a,y =0,z =b into equation of planes
a+2b=13- - (1)
-2a+5h=1- - - (2)
@y 2 2a+4b=26- - (3)
@+@ 9=27p b=3
a=1

['is perpendicular to p,and intersect p, at 4(7,0,3). Let P be a point on / such that AP = 411,
then P liesin O .

I I-]-1©:
I-I-IO=
~

AP +4J_><—1

: +4E
unuu " V pr /
OP= OP+ AP i
o mu sy mes ;
=foe = F 42 orE g 7 o AZ%
3% EF & 15 E7F !

50 280
PRI B 45
%k = TR %k = Tk

15 17 615 15 B75 €D
two possible cartesian equations of O are

3x+ y+z=-20and 3x+ y+ z= 68. 4

1
/ I
1

Alternatively, / :
The cartesian equation of O is of the form 3x+ y+ z= p. / -

IIIO=
[REER =]
(A=}
(o]

: [=}
Q=

z'B(O:O:P)
A

x=0,y=0andz=psatisfy 3x+ y+ z= p, B(0,0,p) is
apointin P. A(7.0.3)

Distance between O and p, is 44/11.
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U
BA xé/L: 411

70
=1

0 x—f13= 4411
Vi1

- pz‘ 1

%|24- p|= 411

|p- 24|= 44
p- 24=-440r 44
p=-20o0r68

two possible cartesian equations of O are
3x+ y+z=-20and 3x+ y+ z= 68.

11a a+4d a+11d
a+2d a+ 4d
a?+ 8ad + 16d? = a® + 13ad + 22d*

5ad = - 6d°

Since the terms are distinct, d* 0, d = - %a

Required sum = g((a+ d)+ (a+ (2n- 1)d))

= g(2a+ 2nd)= n(a+ nd)

bi n | Beginning End

1 | 40000 40000(1.005)

2 | 40000(1.005) 40000(1.005)>

3 | 40000(1.005)* — x 40000(1.005)° — 1.005x

4 | 40000(1.005)° - 1.005x - | 40000(1.005)° - 1.005% -
X 1.005x

5 | 40000(1.005)* — 1.005% -
1.005x — x

Amount at the beginning of 5" month
= 40000(1.005)* - 1.005%*¢ - 1.005x — x

x(1.005°- 1)
1.005- 1
= 40000(1.005)' - 200x(1.005°- 1)

= 40000(1.005)' -

ii He wishes to repay his in 5 years, n = 60
40000(1.005)” - 200x(L.005% - 1)£ 0

40000(1.005)*
200(1.005% - 1)

x3 800.17
His minimum repayment is $800.17

iii | Amount interest bank earned = $(800.17(58) — 40000)
= $6410.06 = $6410 (nearest dollar)
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12| since f(x) is a quadratic expression and f (3)= (- 3)= 0, f(x)= k(x*- 9).

k(xz— 9)_ 1 b
x+a 2 x+a

o - ok _ %x+ 197(x+ a)+ b

X+t a x+

Comparing coeff|C|ents,

x+ a+ b

QIIO

+r\>\l—‘Q

_1 _1/, 1 _ _
k=P f(x)= E(x - 9) \ 1+ 4= 0P a= - 2(shown)
a+b:—g:>b:—§
2 2

1 5 5

e =1p l
dx 2 2(x- 2)? 2(x- 2)* 2
(x- 2)°=5

=2

Q‘

Whenx= 2+ \/E

y= %(2+ \/§)+ 1- i: 2

25
Whenx= 2- \/E
1, L5 -

The equations of tangent are

y- 2= x- (Zi \/g)
y=Xx- \/goryz x+\/§




