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By Pythagoras theorem, 2 2 21 8 63BC BC+ = Þ =  

1 63
tan

10
θ -=  

Min arg 1 63
( 6 4i) tan

2 10

π
z -- + = - = 0.900 

Max arg 1 63
( 6 4i) tan 2.24

2 10

π
z -- + = + =  

 Alternative : Equation of circle is ( ) ( ) ( )2 2
6 5 64 1x y- + - = - -  

Equation of perpendicular bisector is y = 6 ( )2- - -  

Substituting (2) into (1) 

( ) ( )2 2
6 6 5 64 6 63x x- + - = Þ = ±  

Min arg ( )( 6 4i) arg 6 63 6i 6 4iz - + = + + - +  

                                    ( ) 1 10
arg 63 10i tan 0.900

63
-= + = =  

Max arg ( )( 6 4i) arg 6 63 6i 6 4iz - + = - + - +  

                                   ( ) 1 10
arg 63 10i tan 2.24

63
π -= - + = - =  
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3
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-
                

2 2 2 or 2 2 2 3x x\ £ - - - + £ <  
b Let e, f and g be the ages of Edwin, his father and his grandfather respectively. 

 
53 3 159   (1)

1 1 1
65       (2)

4 3 2
22 2( 22 22)

2 2 66       (3)

e f g

e f g

g f e

e f g

+ + = ´ = - - - -

+ + = - - - -

- = - + -

+ - = - - - -

  

From GC, 24, 51, 84.e f g= = =   
The ages of Edwin, his father and his grandfather are 24, 51 and 84 respectively. 

4ia When 1k = , 2f : ( 2) 1,  , 2x x x x- + Î £a ¡  

Let 2( 2) 1y x= - +  

( )2
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x y
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Since 2x £ , 2 1x y= - - , 
1f : 2 1, 1x x x- - - ³a  
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ii { }: 2k kÎ >¡  
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By observation, a conjecture is that 
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iii 
Let Pn be the statement 

( )
1

,
1 !n

n
u

n

-
=

+
 for all n +Î ¢ . 

Check P1: 
LHS = u1 = 0 
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0
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1  is trueP\  
 
Assume that Pk is true for some positive integer k 
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We want to show that 1kP +  is true. i.e. 
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Since P1 is true, and kP  is true 1kP +Þ  is true, 

by mathematical induction, nP  is true for all n +Î ¢ . 

6 If the distance AB is the least, the line segment AB is perpendicular to l. 

 ( ,2 )B b b  and  ( ,2 1)A a a +  

Gradient of BA = 
2 2 1b a

b a

- -

-
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Since gradient of l is 2, 
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b
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Consider ( )2 2 1 0b b- + =  

Since ( ) ( )( )2
2 4 2 1 0- - < , ( )2 2 1 0b b- + =  has no real solution. 

1 1
2 0

4
b

b
- = Þ =  

the point on C nearest to l is ( ) 1
,2 ,1

4
b b

æ ö÷ç= ÷ç ÷çè ø
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 Alternative :  
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Since 
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 for all real b, ( )2
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 Alternative : 

When ( )2
AB  is the least, tangent to C at B is parallel to l. 

i.e. gradient of tangent to C = 2 
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At ( ),2b b , 
d 2 1

2
d 2

y

x b b
= = =  

1

4
b =  

\ coordinates on C nearest to l is 
1

,1
4

æ ö÷ç ÷ç ÷çè ø
. 
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Since the series tends to a constant, it converges.  

The sum to infinity is 
2

ln
3
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Alternative: 
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Rate of decrease is 
( )

3

236 2

r

hr h-
 cm3 s-1. 

iv The rate of decrease of the depth is the least when the bowl is full, i.e. h = r.   

 
3d

d 36 2 36

h r r

t r r r
   


 

The slowest rate at which the depth of water is decreasing is  

36

r
 cm s- 1. 

10i Let θ be the angle between p1 and p2. 
1 2

5 1

2 5 3
cos 84.3

3030 30
θ θ

æ ö æ ö-÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷- ×ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø
= = Þ = o  

ii 5 2 13,

2 5 1,

x y z

x y z

- + =

- + + =
 

From GC, 2 3 , 3 ,x λ y λ z λ= - + = - + =   
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2 3

equation of  is 3 1 ,

0 1

l r λ λ

æ ö æ ö- ÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷\ = - + Îç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

¡
%

  

iii The point of intersection of 1 2 3,  and p p p is the point of intersection of 3and l p .( ),0,a b is a point on 

l.  
2 3 2 3

0 3 1 3

0 1

2 3 3 7 and 3

a a λ

λ λ

b b λ

a b

æ ö æ ö æ ö- = - +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷= - + Þ =ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷÷ ÷ ÷ç ç ç =è ø è ø è ø

\ = - + ´ = =

 

 
Alternatively, subst , 0,x a y z b   into equation of planes 

( )

( )

( ) ( )

( ) ( )

2 13 1

2 5 1 2

1 2 2 4 26 3

2 3 9 27 3

7

a b

a b

a b

b b

a

+ = - -

- + = - - -

´ + = - -

+ = Þ =

=

 

iv l is perpendicular to 3p and intersect 3p  at ( )7,0,3A . Let P be a point on l such that 4 11AP = , 

then P lies in Õ .  

3 3
1

4 11 1 4 1
11

1 1

7 3 5 19

0 4 1 4  or 4

3 1 1 7

AP

OP OP AP

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷= ± × = ±ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

= +

æ ö æ ö æ ö æ ö-÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷= ± = -ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷÷ ÷ ÷ ÷ç ç ç ç-è ø è ø è ø è ø
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3 5 3 3 19 3

 1 4 1 20 or 1 4 1 68

1 1 1 1 7 1

r r

æ ö æ ö æ ö æ ö æ ö æ ö-÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷× = - × = - × = × =ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç÷ ÷ ÷ ÷ ÷ ÷÷ ÷ ÷ ÷ ÷ ÷ç ç ç ç ç ç-è ø è ø è ø è ø è ø è ø
% %

 

two possible cartesian equations of Õ are 
3 20 and 3 68.x y z x y z+ + = - + + =  
 
Alternatively, 
The cartesian equation of Õ  is of the form 3x y z p+ + = . 
x = 0, y = 0 and z =p satisfy 3x y z p+ + = , B(0,0,p) is  

a point in .P  
 
Distance between Õ and  3p  is 4 11 . 
  

P

(7,0,3)A



l

3p
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ˆ 4 11

7 3
1

0 1 4 11
11

3 1

BA n

p

× =

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷× =ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç ç-è ø è ø
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1
24 4 11

11

24 44

24 44 or 44

20 or 68

p

p

p

p

- =

- =

- = -

= -

  

two possible cartesian equations of Õ are 
3 20 and 3 68.x y z x y z+ + = - + + =  

11a 
 

2 2 2 2

2

4 11

2 4

8 16 13 22

5 6

a d a d

a d a d

a ad d a ad d

ad d

+ +
=

+ +

+ + = + +

= -

 

Since the terms are distinct, 0d ¹ , 
5

6
d a= -  

( ) ( )( )( )

( ) ( )

Required sum 2 1
2

2 2
2

n
a d a n d

n
a nd n a nd

= + + + -

= + = +

 

bi n Beginning End 
1 40000 40000(1.005) 
2 40000(1.005) 40000(1.005)2

3 40000(1.005)2 – x  40000(1.005)3 – 1.005x  
4 40000(1.005)3 – 1.005x  - 

x  
40000(1.005)3 – 1.0052x  - 
1.005x  

5 40000(1.005)4 – 1.0052x  - 
1.005x – x  

 

 
Amount at the beginning of 5th month  
= 40000(1.005)4 – 1.0052x  - 1.005x – x  

  
( )

( )

( ) ( )

3
4

4 3

1.005 1
40000 1.005

1.005 1

40000 1.005 200 1.005 1

x

x

-
= -

-

= - -

 

ii He wishes to repay his in 5 years, n = 60 

( ) ( )
( )

( )

59 58

59

58

40000 1.005 200 1.005 1 0

40000 1.005

200 1.005 1

800.17

x

x

x

- - £

³
-

³

 

His minimum repayment is $800.17 
iii Amount interest bank earned = $(800.17(58) – 40000) 

                                            = $6410.06 = $6410 (nearest dollar) 
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12 Since f(x) is a quadratic expression and ( ) ( )f 3 f 3 0= - = , ( ) ( )2f 9x k x= - . 
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2
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2
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1

2

1
1
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1 1
1

2 2
1

k x b
x

x a x a

x x a b
kx k

x a x a

x a x a b

x

-
= + +

+ +
æ ö÷ç + + +÷ç ÷çè ø-

=
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æ ö÷ç+ + + +÷ç ÷çè ø
=
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Comparing coefficients,  

( ) ( )21 1 1
f 9 1 0 2

2 2 2
k x x a a= Þ = - \ + = Þ = - (shown) 

                                                
9 5

2 2
a b b        
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2

2

9 1 5
1

2 2 2 2( 2)

d 1 5

d 2 2( 2)

x
y x

x x

y

x x

-
= = + -

- -

\ = +
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When 
2

d 1 5
1, 1

d 2 2( 2)

y

x x
= + = Þ

- 2

5 1

22( 2)x
=

-
 

                                                               
2( 2) 5

2 5

x

x

- =

= ±
 

 When 2 5x = + , 

1 5
(2 5) 1 2

2 2 5
y = + + - =  

When 2 5x = - , 
1 5

(2 5) 1 2
2 2( 5)

y = - + - =
-

 

The equations of tangent are  

( )2 2 5

5 or 5

y x

y x y x

- = - ±

= - = +
 

 

 3,0

x
O

2x 

( )0,2.25

1
1

2
y x= +

y

( )3,0-

 
2 9

2 2

x
y

x







