2016 Prelim Paper 1 Solution
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2(@) | y=In(4x*-16x+15)
= In(4(x* —4x)+15)
=In(4(x—2)* —16+15)
=In(4(x—2)* -1)

Therefore to transform y =In(4(x—2)° =1)to y = %ln(4x2 —1) means:

A translation to the left by two units in the direction of the positive x— axis
followed by;

A scale parallel to y— axis by scale factor of 1/2.




OO [, 1
y
IS !
' 1
———————— FTTTTTTTTTmoTNT Tt TTTIe=ssss==ar-o--- Y= —
: 1 — a
o) | @0)
x=—a—-2
(i1) y= f'(x) y |
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3(a) Year | Amount withdrawn at the beginning of N years
No
1 0
2 0.05x
3 0.05(2x)
N+1 | T, =0.05Nx
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v = 0.05x(1+2+3...N)

_ 0.05xN(N +1)
2
_ xN(N +1)
40
(1) Week | Amount of vegetables on the farm
No
1 2000 (0.9) +80
2 =((2000%0.9)+80)x0.9+80
=(2000x0.9*) +(80x0.9) + 80
3 =((2000x0.9%)+(80x 0.9) +80)x 0.9) + 80
=(2000%0.97) +(80x 0.9%) +(80%0.9) +80
n =(2000x0.9")+(80x0.9"™)...+(80x0.9)+80
=(2000x0.9")+80[ 0.9"" +0.9"7 +_..1]
=(2000x0.9")+80 =099
1-0.9
=(2000%0.9")+800(1—0.9")
=(1200%0.9")+800
A=1200,B=0.9, C=800
(i) | (1200%x0.9")+800 < 835

Solving,




(1200x0.9") < 35
35
1200
n>33.549

09" <

Least number is 34 weeks
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After translations, the graph is:

yy=Inx ,withA’(1,0)and B’ (e, 1)

u=Inx
x=ée"
dr _
du
x=1Lu=0
xX=eu=

= ﬂJ.Oluze" du
= ﬂ[uze” —2ue" +2e" ];
zﬂ[e—2e+2e—2]

= 7(e—2) units’
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(1) 2e*+3
As the horizontal line y =k, k € (2,3) cuts the graph y = f(x) more than once, f is not
one - one. Hence f ! does not exist.
(ii) Max a = 0.
(iii) |Lety=e*—2e*+3
y=(e*)?-2e*+3
y=(er =172
x= In(1+,/y—2)(rejected, since x<0).
or In(1-/y-2)
flix e In(1-vx-2), xell,2<x<3.
(V) | [2,3) — 5 (= 0,0]—E>[In2,0)

Rgf,1 =[In2,00)

Graph of g when Dgis
restricted to (—00,0]
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6 y=~+4+sin2x

y® =4+sin2x
Differentiating implicitly with respect to x,

2yd—y=2cos2x
dx

dy
—=cos2x .... (1
Y i (1

(1) Differentiating (1) implicitly with respect to x,

d’y dyj2 .
+| = | =-2sin2x ....(2
Y (dx (2)

Whenx =0, y=+4+0=2

From (1) —y:l
dx 2
2 2 2
From (2) 2d—)2;+(lj -0 = d_);:_l
dx 2 dx 8

The Maclaurin’s Series of y is
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y=2+ Ex - f—6 , up to and including the term in x°

(i1) By using the standard series of sin x,

sin2x ~ 2x

V4 +sin2x x4+ 2x

—(4+2x)
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1(_1 2
J4+sin2x =2 1+%(’2‘J+ 2(2'2)G) +]

=2+———+
2 16
(iii) 01 _ 01 ,
.[ V4 —sin2x dx = J 4 +sin(—2x) dx
0 0
0.1 2
=J. 2- X2 |y (Replace x with —x)
0 2 16
~0.19748 (to5s.f)
7() | aaa+pb)=0

a|a|2+ﬂa[b=0

a+pab=0

Since angle between a and b is 7 ,
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|b|=&(gj (shown)
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(i) |a[b| is the length of projection of bonto a
| = |a||b|cos(5?ﬂj‘
NG
=[b|=-
_23(a)V3
3\ p)2
:(zj
p
(iii) | By Ratio theorem,

OM =b+(1-1)a
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ON =OM + MN
:[/Ib+(1—/1)a]+5§
=[b+(1-2)a]+b
=(A+Db+(1-1)a

Area of triangle OAN
l— —
= |04 ON]|
2
= fax[(2+1)b+(1-2)a]
=] (2+1)axb+(1-2)axd
Z%(l+1)|a>< b| since |4 +1|=24+1 as 0<A<I
=2+ 1)a]o]sn (%’Tj‘
_(A)(23 (e (1)
o2 3 g2
6 B
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8(i)

=-x+ A where 4 is an arbitrary constant
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- X - 3A
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N | W
=
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w=_Ce 2" —i where C:EB
3 3

8(ii) _3
Y_o 2
dx 3
3
jd—y dr=[| Ce 2 ELy PN
dx 3
2 -3 4 . :
yz—ECe 2 —§x+E where E is an arbitrary constant
y=Dei§x—ix+E WhereD=—gC
3 3
8(iii) | When D=0 (or C=0)and E=0,

4
=73
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When D=1 (or C= —% ) [or any value of D or C] and E = 0 [or any value of £

corresponding to the choice of £ above],

9() | (1)
22 =1- iV3
i§-§+2k7r§ A
= 2e k1 ¢
liégngzkn;
z= 23¢ ° k=0+1
lingr@%
=23¢ %7 P07 p=0x1

1 .5z 1 T 1 Es

— 1— 1
z=23e % ,23e 9,23¢ ¢

(i1)

(Zn _ 2ei6))( n_oDe iﬁ)

= 2. 2" (eie + e i9)+ 4

— 2 _ o (cose+ isin# + cos(- 0)+ isin(- 9))+ 4
= 2. 2z”(cos0+ isin 6 + cos0 - isin0)+ 4

= 22"~ 4z"cos@ + 4 (shown)
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Hence,

20 -222+4=0

26_4(1)2%4:0
2

Z° —4((:03%)23 +4=0

z° e 3

The roots ofare z° = 2e 3

1 .5z 1 T 1 I

z=23¢ 9 23¢9 2% 9 (from (i)

Since the coefficients of the equation are all real, complex roots occur in conjugate
pairs.

T
iE
Therefore, for 22 = 2e3 , the roots are

1 S 1 .7 1 .7n
i i i—

z=23¢ 9 23e¢9,23¢?

9(b)

1—-z> =1—(cos26 +isin 26)
=1-co0s260—i(2sin@cosH)
=2sin”> # —i(2sin @ cos B)
= (—2isinf)(cos @ +1isinH)
=(-2isinf)z (shown)

Alternatively :
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-z =1— (&)

— (e — &

= e (cos@ —isinf —cos @ —isinO)
= z(-2isin @) (Shown)

‘1 —zz‘ = |—2isin 9||z| =2sin @

arg(l—z*) = arg(-2isin @) + arg(z)
= arg(2sin 0) + arg(—1) +arg(z)

:9——
2

10(1) | Let V' be the total volume of the solid and /4 be the height of the pyramid.

Height of trapezium, /

=+/25x* —9x?
=167

=4x

7

base

:%(4x+10x)(4x)(10x)

=280x’

10x

10x

m=4/2(10x)’

—10+2x

%zSﬁx

15




N

5
m/2

= /255057
v L1oxy’ (\/25—5038)

pyramid = 5

2
- 10(3)x (\/25 — 50 )

2
¥ =280x" + 102" V25504

%:840)8 + 120 {xz( ! j(—lOOx)+2x\/25—50x2}
2

25-50x>

3
=840x2+?{2x 255007 - 20 }

V25-50x
2
= 840x° +@(2x){ 255007 -2 }
3 V25-50x°
2
_20, l26x+10[x/25—50x2 —25—’6}
3 J25-50x
For stationary values of V,
a _,
dx
Since x > 0,

2
126x+10[x/25—50x2 SIS S I
V25 -50x

16




2
126 = —10[\/25—50x2 —L}
V255052

126425 —50x2 = —10[(25—50x2)—25x2]
126x+/25-50x7 = —10[25—75x2]

=750x> —250

Squaring both sides,

2
(126x\/25 502 ) = (750x* ~250)
15876x> (25 —50x2) = 562500x* —375000x> + 62500

396900x* —793800x* = 562500x" —375000x> + 62500
3969x* —7938x* =5625x* —3750x% + 625
13563x* —7719x* +625=0

(i1) Using G.C., since x > 0, the two values of x are 0.6865562~0.68656 or
0.3126699~0.31267 (to 5 dp).

(iii) ;
ar_20, 126x+10{\/25—50x2 —25—"}
dx 3 \J25-50x7

For x = 0.6865562,

. §(0.6865562) {126(0.6865562)
dx 3

 25(0.6865562)"
J/25-50(0.6865562)’

10| {[25-50(0.6865562)°
~0.03789

=0

For x = 0.3126699,

a = @(0.3 126699) {126(0.3 126699)
dx 3

~25(0.3126699)°
J25-50(0.3126699)’

10| /25-50(0.3126699)’

=164.24
#0
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Hence x, = 0.68656

11 (i)

5 1
—1|+y| -1
4 0

a
prtjo|=5+4
1

Acute £ between /, and p, =

l:r=

= Acute £ between

Since a >0, a=1. (proven)

1 a
—1|and |0 | =
0 1

T

6

z
3

(i)

1 0

Pyt r=Al1|+pll

0

1

1

Normal vector of p,=

1
P, T D(—IJ—O
1

0

0

1 (x|1

1

1
-1
1

Using GC, solving x+z=9 and x—y+z=0,
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9 -1
r=|9|+s| 0 |,sel]
0 1
(iii) x+z=9-(1)
x+z:y---(2)

5x+4y+aZ:ﬁ---(3)

(1) and (2) are the cartesian equations of planes p, and p, respectively.

5
Let p,:r D[4J=ﬂ

(24

Since the system of equations is known to have more than one solution, p,, p, and

p,intersect at /,. Therefore, /, lies in p,.

-1\ (5
0 (J]41]=0
1 a
S+a=0

a=5

HiHg

=81

Since the system of equations is known to have exactly one solution, p,, p, and p;,

intersect at a point. Therefore, /, intersects p, at a point.

-1\ (5
0[] 4(=0
1 a
—S+a#0
a#5

19




pell

Since o =5 and S # 81, the planes do not intersect at a common point.

Since the 3 planes are not parallel to each other, the 3 planes form a triangular prism.
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