2016 HCI Prelim Paper 1 Solutions

Qn | Solution
1 * Let P, be statement U, =sin(nx) forallnel™.
When n=1, LHS=U, =sinx, RHS =sinx .. P, is true.
* Assume Py is true for some ke[ *, i.e. U, =sin(kx) .
Want to prove that Px+1is true, i.e. U,,, =sin(k +1)x
LHS
=Ua
2k+1)x .
=U, + 2COSMSIHE
2 2
=sin (kx)+ 2cos(2k * 1jxsin (%} X
=sin(kx)+sin (k +1) x —sin (kx)
=sin(k +1)x = RHS
*Since P1 is true, P« is true implies Pk + 1is true, by MI P, is true forall n 1",
2 # >1

A(x+1)7° +1
—(2x+1)(2x+3)

A(x+1)%+1
Since 4(x+1)* +1>0 for all x,
(2x+1)(2x+3) <0
Lm—<x<—=

2 2
- 4(x+l)2 +1

-3 gk P
4(x+1) +1 4(x+1) +1

—[ —x+tan” (2x+2)11 [x tan™ (2x+2)]\6

2

= 1+tan‘11—1 + ﬁ—l—tan‘lﬁ+l+tan‘ll
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T
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3 | OP=g+34B=a+3(h—a)=3b-2a
(@) | PO=00-0P=2a—(3b-2a)=4a-3b
ZPQ:E=2g+ﬂ,(4c~l—3lg), Aell

lop i1 = b, pell

At point of intersection, 2a+A(4a—3b) = ub

Comparing coefficients of ¢ and b, A= —%, 7 :g

.. position vector of the point of intersection = glg

(b) 2 1 1
axb=|-4|=2| -2 |=n=|-2
2 1 1

Let F be the foot of perpendicular.

Method 1
0 1 1
locir=|3|+s| -2, sel , I, ,:r-|-2|=0
4 1 1
0 1 1
3|+s|-2||-|-2]=0
4 1 1
—6+4+s(1+4+1)=0
1
§=—
3
0 1 0+1 1
OF =| 3|+ 2]=1g-2 |21 7
3 3 3
4 1 12 +1 13
,._F(E,Z,Ej
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Method 2
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21| =2
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Method 1
2n+1 2n+1 Jn? +2n ++n? -1

\/n2 +2n +\/n2 -1 ) \/n2 +2n +\/n2 -1 ><\/n2 +2n +\/n2 -1
(2n+1)(\/n2 +2n —\/n2 —1)

B (n2 +2n)—(n2 —1)

=~n? +2n —~n? -1




Method 2
(\/n2 +2n —\/n2 —1)(\/142 +2n +\/n2 —1)
=(n2 +2n—(n2 —1))

=2n+1
2n+1

”\/n2+2n +\/n2—1

:\/n2 +2n —\/n2 -1

ul 2n+1
n=1 \/n2 +2n +\/n2 -1

:i(\/nz +2n —~In’ —1)
! /o -

- +J§\
_+\/N2 +h?\’2 -1]

=+ N?+2N

@) Replace n by n+1,

ul 2n-1
n=2 \/n2 —1+\/n(n—2)
“ 2n+1

) T+ 2n +n? -1
= J(N-1) +2(N -1)

=JN*-1

(b) | Notice that n® +2n >n and
2
(Vo?=1) ~(n-1)" =2n-2z0.

=nf-1>n-1
= Jn2+2n +n* —1>2n-1
1 1
= <
n? +2n ++n® -1 2n-1

.__i2n+1 i 2n+1 _JNZ 12N

_— >
n=12n_1 n=1\/n2+2n +\/n2_1




S5 |(2+i)w+5|£\/§
2+ w+i_ <5
2+1
|w+2-i|<1= circle centre (-2, 1), radius 1
Im
(2+i)w+5|< 5 —%<arg(z+1+2i)s%
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(i)
Re

-1 1 -
a=8I""———===SINn "—F=

(-2) +12 V5

minarg(w) = 7 — 2o = 2.2143 = 2.21(3sf )




(i)

Re

min |z —wj =2J2-1

(iii)

NG




6 0 3
® | op=|0 ,(ﬁ: 15
ﬁ:ls—o 15(=15]1
2
0
=0 |+ , Ael
2
(ii) 0 -3
AD=|0|-|0|=| 0
2 0 2
2 -3 2 2
DExAD=15|1 X{O =154 |=>n=|-4
0 2 3 3
2 0
I, ir| 4 0
3 2
" 2x—-4y+3z=6
(iii) 0 2
Noase =| 0|, M =| —4
1 3
angle between planes
0 2
0| -4
Lla)is
=C0S
0| 2
0|l -4
1 3
:cosfl;
Jii1679
=cos’li
J29

=56.1°(1dp)




Angle =180° - 2cos™

3
J29

=67.7° (1d.p.)
7 dy _ (b +x-2)-(x=2)(2kx+1) _ —kx’ +4kx
M | o (ke + x— 2)° (ke +x—2)°
-2
when x=0, ¥= 9 _gand y="2=1
(-2 —2
Hence required equation of tangentis y =1 .
(if) | For axial intercepts, when y =0, x=2.
when x=0, y=1.
For vertical asymptotes, kx* +x—2=0
_ —1+V1+8k
2k
. . dy
For turning points, —=0
—hx® +4kx =0
—kx(x—4)=0
~x=0o0r x=4
i “i y4 —1+J1+8%
\ T
| (4, Skl 1)
5 +
y=0 A((PJ)/_.’/\
Lx > X
B(2,0)
_ x-2
B +x-2
(iii) dy —4k+8k _ 4k _ 1

A = 2 2 = 2 = —
dx  (4k) 16k% 4k
. gradient of normal = —

Hence required equation of normal is y —0=—-4k(x - 2)
v =—4kx +8k




(iv)

When y =1, 1=—-4kx+8k = x=81;_;1
. required area :1(E+ 2)(1)
2\ 4k
16k -1
8k
_,_ 1
8k
>2—% (since k >1)
15
8
8 Area:ZIszsinxdx
() 0
_ _ 2 T I
_2_[ X cos)c]O +I0 2xCOSxdx}
B 2 . b3 T .
= 2_n +2([xsin x|, —J.O sin xdx)}
:2_n2+2[c05x]ﬂ
= 2(n* — 4) units®
(i)

y=2x5\ (/T y=2x+3

\\\:/I,( _I 2, O )
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(iil)

el .
Yy =X sSInx

Coordinates of the points of intersections of the 2 curves are (—1.5374,-2.3623) and
(-2.7626,—2.8238) .

Volume of solid generated

_ -1.5374 2 . 2 _ -1.5374 1 >0 _ 3
—“_[_2'7626 (x"sinx)” dx 7TJ._zmﬁ( 1—1+4(x+2)*)?dx = 26.8 units

(i)

Let 4 cm? be the surface area of the cylindrical container.
Let »cmand 4 cm be the radius and height of the cylindrical container respectively.

Volume = 712h = k Y

Soh=— !
ar’ ;
A =2xrh+ mr’ h
:27:}’( k2]+7rr2 J
wr LemTTTT T -
2 , ’ 0.7
=—+7nr- < v
r
dA ok Can also express r in terms of
Hence — = ——+27zr | handfind 4 in terms of 4,
dr r? dA
d4 thenlet — =0 to obtain %
When — =0, dh
dr and subsequently 7 .




——2+27Z'7":0
r
ok
T
k
]/':3_
T
ok k [k

art 1P T
7| (4) ]
Hence h:r= 3£:§/E=1:1 (shown)
VA Vi

2
z—f:%+27r>0 sincep>0and k>0
r r

. - /k
Hence 4 is a minimum when r = 3/—
T

(i) From (i), h:r=1:1
Hence 4 =2zrh+ zr? = 27rr(r)+7zr2 =377t
For new design, h:r=5:2

Hence new A =2zrh+ zr® =27xr (grj+ ar? =6xr’

. required ratio is 6z7° :37r° =2:1

(b) Method 1
Let 7 cm?® be the volume of the cylindrical container.

V=rnr’h= mﬂz(ﬁr) = E;zrs
2 2

A=2xrh+xr*=2xr (grj +xrt =671r?

@ _15 4 iy
a2 T——_ | Canalso find - and —
%=12m and use

4 dd o dv 94 _dd dr dv
Lo dr _dndv e

de dr dV dt

x 80

=127 x

15772

_128

r

When /=50, r:§(50):20




Hence % _128 _ 6.4 cm?/s

Method 2

A=6xr* . r= /i (reject r = —, /i since r > 0)
67 67

Hence V = zr’h = nr? (grj = gmﬂ?’

dv 154
d4  4(6)ix*
When h=50, r =§(50) =20

. A=67(20)" = 24007

d4 d4 dv

Hence — = —x—
de dv’ de
HORE

154°

__4®)'a
15(24007)*
=6.4 cm?/s

x 80
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dn@_sm(ﬁ 6 j

X y
X sin@

Y sin[%—ej
6

X sin@

y sin5gcose—sin (90055;

X _ sin 0 N 2sind (shown)
Y ;cose+\/2§sin0 cose+ﬁsm6




@) X 2sin @

(i) y_cose+fsin¢9

) 2(9—§+ ]

y 1+\@‘9_072+”'
)
x 3 +(—1)[\/§6_6_zj
;zz[e—%j +M(J§:92T

21 2
3
*eolo- |1 f9+ + 362
v 3!
X 20-2y307 + 2 g
y 3

(b) Using sine rule,

) sin
SN0 ___6_3 . g=sin'3
x 1
6
(b) Method 1
(i) sin@ = 3x
cost—9—3 ---(2)
dx
2
cosé’d 0 sme(deJ =0---(2
dx? x
c050d f—snedad ‘29 Zsinedgd ‘29 cos@(dgj
dx dx dx dx dx dx
=0-—-(9
When x =0,
2 3
6=0, d—9=3, d—‘29=0, OI—?=27
dx dx dx

6’=3x+£x3+...=3x+gx3+...
31 2




Method 2

0 =sin™ (3x)
1
49 ___3 =3(1-9x%) 2
dr  1-9x?
d*9 1 -3 -
e (—Ej(l—gxz) 2(-18x) = 27x(1-9x%)
3 s 3
Lﬁ:-%x(—lsx)(l—gxz) 2 4+27(1-9x%) 2
5 3
=729x% (1-9x%) 2 +27(1-9x%) 2
When x =0,
dé d’0 d°
o=0 x 3 dx’ 0 *

11
(i)

Rgf = [\/ﬁ’ OO)




(i)

Since a horizontal line y = 1 cuts the graph of y = f(x) twice, f is not a one-to-one function and

f 1 does not exist.

(iii) | b=0

Let y=f(x)

_1 1—x?

y_Ze

|n(2y)=1—x2

x=%1-In(2y)

Since x <0, x:—Jl—In(Zy)

flix>— 1—|n(2x), xel, 0<x$%e
(iv)

y=+1-Inx =215 1—In(§]

y= 1—|n(§)ﬂ>y:— 1—In(§]

X
0<x£e—>0<E£e

S0<x<2e

h:ix— - 1—In(§}, xel, O0<x<2e




