National Junior College Mathematics Department 2016

2016 SH2 H2 Mathematics Preliminary Examination Paper 1

Suggested Solutions

Qn No.

Solution

Let $x be the price of a regular cup of coffee.
3y be the price of a medium cup of coffee.
$z be the price of a large cup of coffee.

5x + 3y +2z = 20.90 (1)

3x+4y+z=17.10 (2)

There is a 12.5% discount given to customer C since she has bought more than 12 cups.
Hence

100
2X + 8y + 4z = 28=32
X+8y+ 4z 87.5 * )

Using GC, x=1.80, y=2.30, z= 250
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Qn No. Solution
2 (i) 3x% +14
(x+1)(x+2)
3x* +14

— 220, -1,-2
7 (x+1)(x+2) X7

3X* +14—(2x* +6x +4)
(x+1)(x+2)

- x? —6x+10 .

(x+1)(x+2)

= (x+1)(x+2)(x2—6x+10)20, X #—1,-2.

0

Method 1: Completing the square
= (x+1)(x+2)[(x—3)2+1}20, X #-1,-2.
Since (x—3)" +1>0 for all values of x,

= (x+1)(x+2)>0and x#-1,-2.
= X<-2 or x>-1.

Method 2: Using both the discriminant and coefficient of x*
For x*—6x+10, discriminant =6° —4(1)(10) =—4 <0 and the coefficient of x? is

positive. Hence the graph of y = x* —6x+10 lies entirely above the x-axis, which
implies that x* —6x+10>0 for all values of x.

2 (i) 3x? +14
>2
(IX-2)()x-2)
3(~|x|)" +14

>2
(=X +1)(-[x+2)
Therefore —|x| < -2 or —|x/>-1
:>|x|>2 or |x|<1
=>X<-2 or —1<x<lor x>2
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Qn No.

Solution

O
By ratio theorem, OC = 2b+a
a-b =|a]|bloos60' = o

Length of projection of OC on OA
oA |
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OA‘
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3
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Qn No. Solution
4 (a) Method 1A
2W—Z=06i  ------ @
13 13
WZ="—  eeen. 2) =Dw=— ...... 3
> (2) > 3)
o : 13 .
Substituting (3) into (1), 2 > —7=06I
4
13 Z=06i
z
13-2% =6iz
7* +6iz-13=0
2% +6iz+ (3i)* - (3i)° -13=0
(z+3i)* =4
z=2-3ior —2-3i
Whenz=2-3i, w= 13 - =1+§i
2(2-3i) 2
When z = -2 - 3i, W:L_=—l+§i
2(-2-3i) 2

.'.w:1+gi, z=2-3i orw:—1+gi, z=-2-3i

Method 1B
2W—Z2=06i  ------ @
WZ:E ...... (2) :>Z=E ...... (3)
2 2w

Substituting (3) into (1), 2W—% = 6i

4w? —13=12iw
4w’ —12iw-13=0

4(W2 —3iw—%}+9—13:0

-\ 2
4(W—ﬂj -4=0
2
3i 3i

-\ 2
w—ﬂ =l=>w=1+—or -1+—
2 2 2

When W=1+gi, Z =L:2—3i

2(1+3iJ
2
When W:—1+§i, Z =L:—2—3i

)

.'.W=1+gi, z2=2-3i orw=—1+§i, z=-2-3i
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Qn No. Solution
4 (a) Method 2A
2W—2=6  --ee- 1) =z2=6i—2wW--- ?)
13 -
WZ=— et 2
> @
i : : 13
Substituting (3) into (2), w(6i —2w) =
. 13
w(6l —2w) =—
( ) 5
4w® —12iw =13

4w’ —12iw-13=0

4(W2 —3iw—%}+9—13:0

-\ 2
4(W—ﬂj -4=0
2
3\’ 3i 3i
W—— | =1=>w=1+—or -1+—
( 2) 2 2
When W:l—l-gi, z:%:2—3i
2(1+i)
2
When W:—l—l-gi, z:L:—Z—Bi

)

.'.w:1+§i, z=2-3i orw:—1+gi, z=-2-3i

Method 2B
2W—z2=61 - Q) =2w=6i+z----- (3)
13 -
WZ=—  ceee.. 2
5 (2)
Substituting (3) into (2), (6i+2)z =13
Giz+22 =13
7% +6iz-13=0
2% +6iz+(3i)* - (31)*-13=0
(z+3i)* =4
z=2-3ior —2-3i
Whenz=2-3i, w= 13 - :1+§i
2(2-3i) 2
13

Whenz=-2-3i, w=———=
2(—2—3i) >

.’.W=l+§i, z=2-3i 0I’W=—l+gi, z=-2-3i
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Qn No.

Solution

4 (a)

Method 3
2W—2Z =61  ---e- @

Substituting (3) into (1),

Z(Ej—z =6i
22

E—z:6i
z

13- 72 = 6iz
z +6iz-13=0

Letz=x+yi. Then

(X+iy)> +6i(x+iy)-13=0
X? — y? + 2ixy + 6ix -6y —13=0
X* —y* —6y—13+i(2xy +6x) =0

Comparing imaginary parts,
2xy+6x=0

x(y+3)=0
x=0o0ry=-3

If x = 0, comparing real parts,
-y*-6y-13=0

y>+6y+13=0

(y+ 3)2 +4=0
Therefore, there is no solution if x = 0.

If y=-3, comparing real parts,
x*-3?-6(-3)-13=0
x> —4=0
X =2

13 3.

—=1+—
2(2-3i) 2
13 3.

2(—2-3i) 2

Whenx=2,z=2-3i, w=
Whenx=-2, z=-2-3i, w=

.'.W:1+gi, z2=2-3i 0I’W=—1+gi, z=-2-3i
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Qn No. Solution
4 (b)
'Im Q
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Let p =¢'“. Theng = 2e"®¥,
Let S represent

q +2p?=2e'2) 4200 =2 Re(ei(z”’ ) =2c0s2a,

i.e. S represents the point whose real coordinate is twice that of Q, and imaginary

coordinate zero.
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Qn No.

Solution

S :4xh+x2+4(% x(

:4xh+(l+\/§)x2

Substituting h = 12—— X:

X

S= 4x(———xj 1+\/_

=4—+(—+\/§sz
X 3
For minimum surface area:
d—S 4V ( +\/—jx 0.
dx x2
4V
=252y
X2

2V :(§+x/§jx3
)

ey

|-

=(1+3\/§ X3
o 6V

_1+3«/§

AR .
X = —1.0460049(V ?)
(1+3\/§]
=1.046(V?¥) (3d.p)

MinS =A

4V

~5736110(v?)
-5.736(v?) (3d.p)

Remark:

1% or 2" derivative test is not necessary as it is given in the question that the surface

area had a minimum value.

_ : +(1+J§j(1.0460049(v§))2
1.0460049(v?) \3
4 1 2 2
St (2442 |(1.0460049) |(V?
[1.0460049+(3+Ij( 0460049) j( )
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Qn No. Solution
6 (l) /\y
X\
(0,0)
(0,-3k)
To find y-intercept, To find x-intercept,
let x = 0: lety = 0:
t*—kt=0 3(t"~k)=0
t(t*~k)=0 t=+JK
=0 or t=xJk x=0
y =-3k y=0 -(0,0)
~(0,-3)  (0,0)
6 (ii) dx

Xx=t"—kt=>—=3t"-k
dt

y=3(t2—k):>2—3t’=6t

dy
ﬂ_i_ 6t
dx dx 3t*—k
dt
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Qn No. Solution
6 (iii)
When t:—\/E,
3
dy - 26t is undefined since 3t* —k = 3(Kj— k=0.
dx 3t°-k 3

Hence, the tangent is a vertical line with equation
x=1° -kt
=t(t" k)

(e

6 (iv) (2
The tangent passes through the point gk,k , therefore

X=Ek\/E
3 V3

22y [k
3 3 V3
k(l—\/E =0
3
k=0 or 1- E:O
3
: k
(NA since k > 0) §=1
k=3
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Qn No. Solution
7 (i) y =In(secx)
d—yzi(secxtan X) = tan X
dx secx
2
d—gzseczx
dx
dg—y:ZSecx(secxtan X)
dx®
ﬂ—2(sec2 x)(tan X)=2 &y (d_yj (shown)
X3 dx? )\ dx
— >
7 dly _,(dy (ﬂ}z dy
dx* dx® J\ dx dx?
When x=0,
y=In(sec0)=In1=0 g—y:tanO:O
X
dzy 2 dsy
dx? dx® MO
d4

d—x33’= 2(0)(0)+2(1) =2

Thus, Maclaurin series for y is

2 4
y ~ +0X +1(X—J+Ox3 +2[X—j
2! 41

:lx2 +ix4
2 12

7 (i)

ix2 +In(secx) = cos2x
12

Using the above results and the first three terms of Maclaurin Series of c0S2X ,
1 1 1

Loty by ~1-=(2x)" +=(2x)’
12 2 12 21 41
— X +—=x*=1-2x"+=x*
12 12
lx“ —ﬁx2 1=0
12 12

7x' =31x* +12=0
(7x2 —?,)(x2 —4):0

X _3 or x> =4
7

x:i\/g or +2
7

Since « is positive and close to zero,
3

a=,|=
7
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Qn No. Solution

8 (a)
by

Coordinates of A’, B’and C’are (on [—E,Oj and (1_—6‘9}
2 2 2 2
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Qn No. Solution
8 (b)
|
|
I
|
|
|
|
|
|
|
|
|
—_— - —_d = = =\4
|
|
A
|
|
|
—_——=1_1
|
T =2
|
|
|
|
|
|
I
8(c)

Coordinates of C” are (a,—%).
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Qn No. Solution
9 (i
L y:z—x:d—y:%—l
dx dx
The 29 _1-%=2 1 comes
y dx y

L(ﬂ_ j—lzx;zjg—l—(z—x):x—Z

z—x\ dx z-x dx
:E: z-1

dx
1
= | —dz= Il dx
z-1

=Injz-1=x+c
=|z-1=e"" = Ae"
= z-1=1Ae" =Be”
= y=1-x+Be*

Since the solution curve passes through (1,1), then1=1-1+Be=B=¢™.

Hence the equation of curve is y =1—x+¢e**".

9 (ii)
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Qn No.

Solution

10 (a)

5x2—2x+7 A L Bx+C
(1-x)(2¢° +3) 1-x 2x*+3
A:5_2+7:2,

2+3

5X* —2x+7 = 2(2x* +3)+(Bx+C)(1-x)

, Where

Comparing the coefficients of x* and x°, we have
4-B=5=B=-1, and
6+C=7=C=1.

5x?—2x+7 _ 2 +—x+1
(1—x)(2x2+3) 1-x  2x*+3

Hence we get

Therefore,

5X? —2X+7 dx
(1-x)(2x* +3)
2 -X+1

= | —+——5—— dX
1-x 2x°+3

= idx+J _);+1 dx
1-x 2X°+3

= idx—f 2X dx+j 21 dx
1-x 2X°+3 2X°+3

:—ZJ -1 dx—lj ax dx+£J L 2dx
1-x 4) 2x*+3 2 x+ 2

=-2Inf1- x|——|n‘2x +3‘+— —tan {

%J

=-2In |1— x| —Zln ‘ZXZ +3‘ +%tanl[\/§x]+ C
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Qn No. Solution

10 (b) (i) % [Sin (e)] — e cos(e”)

10 (b) (ii) Iezxcos( )dx
[l (e onfe o
~[ e (-sin(e ))} -J, (=sin 7)) (- ox
[ cainfe ) [ (can(e ) e sine e
e sin(e ")+ sint+ ~cos(e *) |
e sin(e ")+ sint+ [~cos(e )+ cos(e")]
=—e"sin(e™)—cos(e™)+sinl+cosl

OO e (e e

—Ilmj e cos( )dx

= rI}m[—e sin (e )—cos(e‘“)+sin1+ cosl}

=sinl+cosl-1
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Qn No.

Solution

11 (a)

Let P, be the statement

2 .8 ., nm¥1 5 1 1
1°x3°  22x4? n(n+2)*> 16 4(n+1)?* 4(n+2)°

forall nez".
Whenn=1,
LHS=%=E
1°%x3 9
_i_ 1 B 1
16 4(1+1)? 4(1+2)
25 1 1.2 s
16 16 36 9

Thus, P, is true.

Assume P, is true for some ke Z", i.e.
2 3 k+1 5 1 1
+ e I~ — .
12x3%  22x4? k2(k+2)2 16 4(k+1)? 4(k +2)?
Consider P,,;: To show

2, 3 . k+2 5 1 1
12x3%  22x4? (k+1)2*(k+3)> 16 4(k+2)> 4(k+3)°
LHSof P, = 22 >+ 23 S+t 2k+1 >+ k2+2 >

1°x3° 2°x4 ke(k+2)° (k+1)°(k+3)
=£_ 1 1 N k+2

16 4(k+D?* 4(k+2)? (k+D*(k+3)°

5 1 k+2 1

T16 4k+2)  (k+1P(k+3) Ak+1)
5 1 Ak +2) — (k +3)2
T16 4(k+2)? Ak +1)%(k +3)
5 1 4k+8-K -6k-9

16 4(k+2)°  4(k+1)°(k+3)
51 -K-2k-1

16 4(k+2)°  4(k+1)>°(k+3)°
51 k)

16 4(k+2)° 4(k+1)°(k+3)

5 1 1
16 4(k+2)2 4k +3)
~RHS of P, ,

P istrue=P,,, istrue.

Since P, istrue, and P, istrue=P, , istrue, by mathematical induction, P, is true for
all nezZ”.
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Qn No. Solution
1) ()| 4n+5 _5 1
n(n+l) n n+l
i 4n+5( 1 ] i(
n=1 n(n+1) 5n+1 n=1 \ N
N
_;(n
_l’_
(215"t N5
1 1
N5Y (N +1)5""
1
=—————— (shown
5 (N +1)5N+1 ( )
5
11 (b) i 4n+5 (Lj_"m T 1 |1
(i) = n(n+l) gn+l No=»| 5 (N +1)5N+1 5
11 (b) | Method 1: Substitution of Indices
(iii)

[ 4n+l (1] Y 4D+l (1
nz—2|:n(n_1)(5_nj:|_ n+zl—2 {(n+1)((n+1)—1)(5"“ﬂ

4dn+5
,Z‘{n(nﬂ)(S””H

211
5 (N-2)5"2

Method 2: Listing of Terms

2 4n+1 (1
g{n(n—l)(s_”ﬂ
9(1) 13(1) 4N -7 (1]
=—| — |+ — |+
2x1\5% ) 3x2\5° (N-2)(N-3)\ 5"
4.1+5(1j 4-2+5(1) 4(N-3)+5 ( 1 j
= — |+ — |+t
1x2 \5° 2x3 \5° (N-3)(N-2)\5"7?

-Sle)

I
5 (N-2)5"2
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Qn No. Solution
12 (i) | By substituting (4,1) into the equations of C, and C,,
C,: LHS=(4)*+16(1-1)* =16 = RHS
C,: LHS=(4)*—16(1-1)* =16 = RHS (justified)
12 (ii)
12 (iii) | Volume of revolution of R about x-axis
2 2 2 2
_ 2 _
:71'_"4 1- 16-x dX+7rJ'4 ’ 1- X' ~16 dx
0 16 4 16
=2.17 units® (to 3 s.f)
12 (iv) 2 N2
jo 1—(x—1)2dx
= J’O(\/l—cos2 9)(—sin 0)do
= [ (sin’0) do
0
1¢x
ZEIO (1-cos26) do
:i[e_sin 20}”
2 2
_T
2
12 (v)

2
Area of S = ZJ'O X dy
2
:2[0 16 -16(y —1)2dy
2
=8j0 J1-(y—1)%dy

A3

=47 units®
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