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Solution

ath+c=24
Sa+2b-3c=79
a+tb=4(c+1)
a=17,b=3,c=4

2(3i)

Let P, be the statement that U, =

n
a1 forall nel”

When n=1,
LHS = u; =% (given)

1 1
RHS=———==
4x1°-1 3
Hence P, is true.
k
Assume P, is true for some kell™, ie. U =——.
4k -1
We want to prove that P,_, istrue, i.e. U —L
k+1 v B k4l 4(k—|—1)2—1
LHS =u,,
1
—u, -
(2k —1)(2k +3)
k 1

(2k-1)(2k +1) (2k—1)(2k +3)
k(2k +3)—(2k +1)
(2k—1)(2k +1)(2k +3)
2k? +k -1
(2k—1)(2k +1)(2k +3)
(2k 1) (k +1)
(2k—1)(2k +1)(2k +3)
k+1
(2k +1)(2k +3)
_ k+1

~ 4k?+8k+3
k+1

T ak+D?-1

RHS

Hence P, istrue = P,,, is true.

Since P, istrue & P, istrue = P, is true, by mathematical
induction, P, istrue forall nel™.




(ii) | Sum of 1 n terms of
1 1 1 1

+ + + +
5x9  7x11 9x13 (2n+3)(2n+7)

n+2

Z (2r-1)( 2r+3)

T35 4(n+3) -1

(i) As n—>oo,n;32—>0
4(n+3)" -

Hence, the series is convergent and Z; _3
e~ (2r-1)(2r+3) 35

. 0 12
: Required Area = 3———|d
@i |7 J ( (3x+2)2+4j X

I ( (3x+2)? +22jdx

{3x 2tan’l 3X2+2H

wlvo




i
(ii) yo 2 g g_ _ 12— 4y
(3x+2) +4
Since x>——,x_—g+1 12-4y
3 3 3 y

Required volume = 7Z'J.§X2 dy

T
® y = tan (Ztan‘lx +%)

d—yzsecz(Ztan1x+£j 2
dx 4 )1+ x

(1+ X )d_y - 2(1+tan2 (2tan‘1x+£jj
d 2

X
(145 )j_i_ (1+y?)

2

Alternative Method

tanty=2tantx+ 2

Differentiate with respect to x,
1 dy 2
1+y?>dx 1+x°

= (1+x2 )gy 2(1+y?)

(i) | Differentiate with respect to x,

= (1+x° )d y+2xdy_4yd_y
dx? dx dx

d’y dy
1+ X* )=+ (2x-4y)—==0
:>( +X )dx2+( X y)dx
When x =0, y=tan%=l
a+®9X:2a+D:$9X:4

dx
d2 d’y

(1+o)d—+(o 4)(4)=0= 3 =16

y = tan [Ztan1 x+—}
4

:1+4x+1—?x2+

=1+4X+8x% +....




(iii)

Sketch y=[f(x)-g(x)| and y,=05

yt y =|f(x)-g(=)

\
NV

0359 O] 0225 X

»=05

For [f(x)-g(x)|<0.5, —0.359<x<0.225

5(@i) | x=2sin2t, y=cos2t, forO<t<ur.
%=4coszt ﬂz—ZSinZt
dt dt
dy  sin2t
dx 2C0s 2t
Equation of normal atP, t =6

y—coszezz?oszg(x—ZSinze)
sin 20

(sin20)y—cos 26sin 26 = (2cos 20) x — 4 cos 20sin 26
(2cos26) x—(sin 26) y =3cos 26sin 26 (shown)
ie. m=3

(i) | Atthe x-axis, y=0

(2c0s20) x =3sin 26 cos 20
X = gs.in 20 i.e. A(Esin 20, Oj
2 2
At the y-axis, x=0

—(sin26) y =3sin 20cos 20
y=-3c0s20 i.e. B(0, —3cos20)

mid-point of AB: (%sin 20, —gcos 29)

x=§sin29 = sin29=ﬂx
4 3
yz—gcosze = c0329=—gy

Cartesian equation of the locus of the mid-point of AB:
sin®26+cos” 20 =1

2 2
16x +4y _
9

1 Qe 16x2+4y*=9




Qn | Solution

6(i)
y
y=1
o X
x=1
(ii) ;
Let y=9(x)= X2+2, x>1
X -1
2
Then Zzizti: x23—1
3
2_1:
y x?—1
X2—1=—>
y? -1
X2 =143 _Y+2
yi-1 y*-1
2
2 .
x=g*(y)= sincex>1>0
2
=gtixe x>1
g x? -1

g is self-inverse as g(x)=g~"(x) and D,.=D,

(i) | g*(x) =gg(x) =gg~*(x) = x.

g°(x) =gg*(x)=g(x).  (shown)
It follows that g™ (x) = x and g (x) =g(x), x>1
For 4-g*(x)=[g*(x)]

X2 +2

x? -1
(4—x)(x2—1):x2+2, x>1
X3 —3x2—=x+6=0, x>1
(x=2)(x*-=x-3)=0

Then 4—x = x>1

+[
X=2 or x:ﬂ
2
sincex>1, —=>x=2 or x=1+\/1_3(ans)

2




Qn | Solution
! u = cos(Inx) wv_1
@ | dx  x?
du _sin(Inx) v——l
dx X T

J-cos(ln X) dx = _cos(Inx) J-sin(ln X) dx

X X x?

cos(In x) dx

_ cos(In x) +sin(|n X)_I
X X

XZ

u =sin(In x)
du _ cos(Inx)
dx X

- Zj cos)((lzn X) dx = sm()l(n X) cos()l(n X)

. J-cos(ln X) dx

X2

1.
= 5[sm(ln x) —cos(In x)]+¢c

(b)

U=+X+3 = u’*=x+3

Differentiating w.r.t. x, 2u 3—“ =1
X

Whenx=1,u=2; Whenx=6,u=3

6 X—2 3 u?-5
dx = | ——— (2u du
L Xv/X+3 -L (u*=3)u ( )
3 2
2| [1—u2_3j du

4 (u-\3)|
{Zu—zﬁln(uﬂ@ﬂz

3+\/§
3-3

~ 2, (3-43 2 (2-3
—2(3)—ﬁln(—]—2(2)+ﬁln(—

2+\/§

|

2 .
=2+—In| —— ieea=b=2,c=d=3
\/5 (3+\/§]




Qn | Solution
(5_3) |z|2 <4=|7|<2
i
—%sarg(z+\/§—i)sO:—%garg[z—(—\@H)]SO
(i) | Minimum value of |z - 2il
= AB
=1
Maximum value of |z - 2i|
=AC
P 27
:\/2 +2 —2(2)(2)cos?
=23
(i)

Z100 — 2100 — 21008i0

.(0+2k7rj
=z=2" "7 k=0, £1, +2, ..., £49, 50
Sk
=>z=2e%
Roots are found in region R (along the minor arc CD) if

->k=-8, -7, -6, ..., 8
.. Number of roots found in region R=17.




Qn | Solution
9(i) m?
f(x)=x+
(x)=x+
2
et Lo M g
dx (x-2)
(x—2)2—m2=0
X=2+m
2
Whenx=2+m, f(x)=2+m+ =2+2m
2+m-2
m2
Whenx=2-m, f(x)=2-m+———=2-2m
2-m-2
The stationary points are (2+m, 2+2m) and (2—m, 2—2m)
(2+m,2+2m) m?
\ y=f(x)=x+
1 X—2
y ‘,
/( (2—m,2-2m)
/; >
P \ X
X=2
(i) X(x—2)+m?
f(x)= (x-2)
X—2
m2

when x=0, f(X) =5

X2 —(2+K)x+(m*+2k)=0
X? —2x+m* =k(x—2)

By inserting a horizontal line y =k on the graph of C,
by observation, to have two distinct positive roots,
2

then —m7<k<2—2m or k>2+2m (ans)




(iii)

2

X—2

y=Ff(x)=x+

m2

After A: y=f x+2)=x+2+_
X

m2

After B: y:f(2x+2):2x+2+2—
X

2

After C: y:f(2x+2)—2:2x+m—

2X
Given that 2x+m—2:2x+i
2X 8x
_m_1
2
:m:%since0<m<l (ans)
Qn | Solution
10 | Let F be the foot of the perpendicular.
(i) 1
AF[] 1]=0
-1
2 1 4 1
=>||-3[+4] 1|-|-3 1/=0
1 -1 0)|(-1
= -2+31-1=0
=>1=1
2 1 3
OF =| -3|+| 1|=|-2].
1 -1 0
(ii) | LetBbe (2, -3, 1).
2 1
Anormal to 7, is BAx| 1|=| 0|x| 1|=[1].
-1 -1) (-1 2
4\ (1
-3[]1|=1
0)\2

A cartesian equation of 7, is x+y+2z=1.




(i)

1 7
n,xn,=1{x/0|=|-5
7 -1

A direction vectorof Lis| 5.

T X+y+2z=1
7T,t X+72=cC

Let z=0.Then x=c and y=1-c.
A pointonLis (c, 1-c, 0).

c -7
A vector equationof Lis r={1-c |+ x| 5|, where el .
0 1
(iv) | For the 3 planes to meet in the line L,
@ [(-7\( 2 c 2
5(-1|{=0and |1-c[]-1|=5.
1/\ d 0 d
= -14-5+d=0and 2c-1+c=5
=d=19and c=2
(b) | For the 3 planes to have only one point in common,

—7 2

50-1{«0.
1)\ d
=d =19

10



Qn

Solution

11
(1)

Instalment | Outstanding amount | Total amount with interest
at the beginning of owed at the end of month
month

50000 50000x1.002

1 50000x1.002-1000 | 50000x1.002% —=1000x1.002

50000x1.002° 50000x1.002° —1000 x1.0022
—1000%1.002-1000 | —1000x1.002

Amount owed at the end of n instalments
=50000x1.002"* —=1000x1.002" —1000x1.002"* —...—1000x1.002
1000x1.002x[1.002" 1]

1.002-1
=50000x1.002"" —1000x501x (1.002" —1)  ----=------- *)
=50000x1.002"*" —501000x (1.002" —1) (shown)

=50000x1.002""* —

(i)

50000x1.002"* —501000x (1.002" -1) <0

By using G.C., least integer n =53
i.e. no of instalments required = 53

(i)

Amount paid at the 53th instalment
= Amount owed at the end of 52 instalments

=50000x1.002% —501000x (1.002* 1)
=733.12 (to2d.p)

(iv)

Let the amount need to be paid for each instalment be k.
Then from (*) in (i)
50000x1.002% —k x501]1.002"* ~1] <0

S 50000x1.002%

" 501[1.002° ~1] 2R3

Least value of k = 2685 (to the nearest dollars)
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