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Pure Mathematics [35 marks]

1  Sketch the graph of y=1In (ax+1), for a<0 and solve the inequalities 1<In (ax+1) <2. Leave

your answers in terms of a. [3]
2 f—
2 Showthat 23 —Inx=—X -1 2]
dx 2xv/3x2 = In X

6x° —1

X 0 . [3]
xv3x% =Inx

Hence, find the exact value of Ij

A3 7)

A curve has centre C(1,3) and passes through the point A(3,7) as shown in the figure above (not
drawn to scale).
(1) Show that the equation of the tangentat A is x+2y =17. [3]

(i)  Find the range of k such that the tangent intersects the curve y = kx>. [2]

4 The curve C has equationy = 2 .
X+3

(i) Draw asketch of C, showing clearly any axial intercepts, asymptotes and stationary points
(if any). [3]
(i)  Verify that the line y =m(x+3)+ 2 passes through the point (-3, 2).

Hence, find the range of m such that the equation 2—X3 =m(x+3)+2has 2 real roots.[3]
X+
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5 A paper weight is designed as shown below.

INFAY

h

-]

The paper weight consists of a right conical shell of height 4 metres and base radius r metres.

Inside the cone is an inverted right solid cone of height h metres and base radius x metres (see
above diagram) made of metal alloy. The circumference of the circular base of the inverted cone
touches the conical shell. The vertex of the inverted cone is at the centre of the circular base of
the conical shell.

Let V denote the volume of the inverted cone.

2 3
(i) ShowthatV:lyzr2 h—h—+h— : [3]
3 2 16

(i)  Given that r has a fixed value and x varies, find the height h of the inverted cone that
would maximise the amount of metal alloy used to create the paper weight, justifying

your answer. [4]

6  Sketch the graphs of y=e¢"* and y=e”"* on the same diagram, indicating clearly their axes
intercepts and their point of intersection. [3]

Shade the region bounded by the 2 curves and the y-axis and find the exact area of this region.

[6]
Statistics [60 marks]

7 A Country Club consisting of 10 000 members are asked to vote for or against building a new
squash court. The Human Resource Manager is asked to conduct a poll prior to the vote.

(i)  Describe how a sample of 100 members can be chosen using systematic sampling.  [2]

(i)  Suggest another sampling method that will give the manager a better prediction of the
result. Justify your answer. [1]
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8 A large sample of n observations was taken from a population of mean , and variance 12. Find
the least sample size required such that the probability of the sample mean lying between —0.5
and #+0.5 is more than 0.75. State an assumption that you have to make in order to proceed
with this calculation. [5]

9 In a large batch of manufactured articles, the probability that an article is defective is 0.1,
independent of all other articles. Samples, each of 10 articles, are taken at random from the batch.

(1) Find the probability that, of two samples,

(@) one contains 1 defective article and the other contains 2 defective articles, [2]

(b)  there are less than 4 defective articles altogether. [2]
(if) Find the least number of samples that must be taken such that the probability that at least one

sample will contain at least 2 defective articles exceeds 0.99. [3]

10 A manufacturer uses a machine to pack tea into packets of 50 g each. He decides to investigate
if the mean mass of tea in a packet is more than 50 g. A sample of 50 packets is collected and
the data of the 50 packets are shown below:

Mass(g) 49.8 49.9 50 50.1 50.2 50.3 50.4
Number with this 5 10 11 10 8 4 1
mass

(i) Test, at the 5% significance level, whether the mean mass of tea in a packet is more than 50
g. State, giving a reason, whether you need to assume that the masses of packets of tea are
normally distributed. [5]

(if) Explain, in the context of the question, the meaning of “5% significance level”. [1]

A random sample of another 50 packets is taken and the mean mass of the second sample is c g.
A test at the 5% level of significance indicates that the mean mass differs from 50 g. Assuming
that the population standard deviation is 1.5 g, find the range of values of c. [4]

11 (a) Peter and Kate each rolls a fair die once. The events A and B are defined as follows:

A: The score on Peter’s die is a multiple of 3,
B: The sum of the two scores is 9.

Determine whether A and B are independent, justifying your conclusion. [3]

(b) A school bus passes by traffic lights A, B and C on its journey to school. It stops at these
traffic lights independently with probabilities 0.2, 0.7 and 0.4 respectively.

(i) Find the probability that it stops at exactly two traffic light. [2]
(i)  Find the probability that it stops at traffic light B given that it stops at exactly
two traffic lights. [3]
(iii) Suppose it was known that the bus stops at traffic lights B and C, find the
probability that it stops at exactly two traffic lights. [3]
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12 A researcher is interested to find out if there is a linear correlation between the score on a
computer game (x) and the score on a mathematics test (y). The following table gives the data
from 9 students.

X 40 56 66 78 68 52 96 110 84
y 38 51 48 58 55 50 77 80 69

(i) Draw a scatter diagram for the data. [2]
(i)  Find the product moment correlation coefficient and comment on its value in the context
of the data. [2]

(iii) Find the least squares regression line of y on x in the form y=mx+c, giving the
values of m and c correct to 2 decimal places. Sketch this line on your scatter diagram.

[2]
(iv) Calculate an estimate of the mathematics test score of a student with a score of 89 on the
computer game and comment on the reliability of your estimate. [2]

(v) Explain why it might be unsuitable to use the equation in part (iii) to estimate a student’s
score on the computer game given that he scored 90 marks in the mathematics test.  [1]

(vi) The mathematics test score is re-based to a maximum score of 50 marks instead of 100
marks as given in the data above. Without using your graphing calculator, state any change
you would expect in the values of your constants m and ¢ found in part (iii). [1]

13 (a) The random variable X has the distribution N(90, %).
Given that P(X <85) =%P(X <95). Show that ¢ =5.17. [2]

Y is another random variable such that Y :% X+2.

Find E(Y) and Var(Y). [2]

(b) The lifetime of an ordinary light bulb follows a normal distribution with mean 600 hours
and variance 225 hours®. The lifetime of a “long-life” light bulb follows an independent
normal distribution with mean 1850 hours and variance 169 hours®.

(i) Find the probability that the lifetime of a randomly chosen long-life light bulb is more
than three times the lifetime of a randomly chosen ordinary light bulb. [3]

(if) Given that the probability that the total lifetime of two long-life light bulbs exceeding
k hours is 0.138, find the value of k. [3]

100 ordinary light bulbs are packed in a box. Using a suitable approximation, find the
probability that there are at least 14 but less than 29 ordinary light bulbs with lifetime of less
than 590 hours in a box. [4]

---- End of Paper ---
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