
www.maffsguru.com

Matching and 
allocation 
problems

Year 12
Further Mathematics



www.maffsguru.com

Maths made … Easy | Engaging | Educational | Entertaining www.maffsguru.com



www.maffsguru.com

By the end of the lesson I hope that you understand and can apply the following to a range of 
questions from the Unit 3 and 4 Further Mathematics course.

• Understand what a bipartite graph is
• Understand what a directed bipartite graph is
• Understand what a complete weighted bipartite graph is
• Know how to apply the Hungarian algorithm

Learning Objectives
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Just when you think you’ve learned all the language you need for this course, 
along comes lots more other words!

We’ve spent a lot of time looking at graphs and networks. We’ve found some 
practical applications of the theory.

Let’s look at some more.

Recap of past learning
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Examples have been extracted, with 
permission, from the Cambridge 

Further Mathematics Units 3 and 4 
Textbook

I’m not a great lover of sports, but I do see the wonderful 
application of graphs and the theory to this area of life.

The diagram could represent different players on two chess 
teams. The lines which connect them show who needs to 
play whom.

This type of graph is called a bipartite graph. 

Each edge in a bipartite graph joins one vertex from one 
group to a vertex in the other group.

Bipartite graphs
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I think it makes sense then that as soon as we add the word directed, there is going to be an 
arrow on the edge and this is going to stand for something important!

In matching problems, one vertex from one group is matched or allocated to one, or more, 
vertices of the second group and we use a directed bipartite graph to represent this matching.

This example looks at teachers and students.

Directed bipartite graphs
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This is an example of a complete bipartite graph. It shows that each 
employee can work each machine in a factory. This would be good, but we 
know that people have strengths in different areas. It might well be that 
certain staff members are “quicker” at using one machine than others. To 
allocated the staff member to a machine they don’t really know how to use 
would lead to productivity loses.

It would be much better if we can find a way to match the correct employee 
to the correct machine to give us the most productive outcome.

Complete weighted bipartite graphs
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Welcome to this awesome tool to allow us to solve complex matching problems. 

The algorithm has a number of stages:

• Step 1: Subtract the lowest value in each row, from every value in each row
• Step 2: If the minimum number of lines required to cover all the zeros in the table is equal to the number of allocations 

to be made, jump to step 6. Otherwise, continue to step 3.
• Step 3: If a column does not contain a zero, subtract the lowest value in that column from every value in that column.
• Step 4: If the minimum number of lines required to cover all the zeros in the table is equal to the number of allocations 

to be made, jump to step 6. Otherwise, continue to step 5a.
• Step 5a: Add the smallest uncovered value to any value that is covered by two lines. Subtract the smallest uncovered 

value from all the uncovered values.
• Step 5b: Repeat from step 4.
• Step 6: Draw a directed bipartite graph with an edge for every zero value in the table.
• Step 7: Make the allocation and calculate minimum cost

The Hungarian Algorithm
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Example

• Step 1: Subtract the lowest value in each row, from every value 
in each row

• Step 2: If the minimum number of lines required to cover all the 
zeros in the table is equal to the number of allocations to be 
made, jump to step 6. Otherwise, continue to step 3.

• Step 3: If a column does not contain a zero, subtract the lowest 
value in that column from every value in that column.

• Step 4: If the minimum number of lines required to cover all the 
zeros in the table is equal to the number of allocations to be 
made, jump to step 6. Otherwise, continue to step 5a.

• Step 5a: Add the smallest uncovered value to any value that is 
covered by two lines. Subtract the smallest uncovered value 
from all the uncovered values.

• Step 5b: Repeat from step 4.
• Step 6: Draw a directed bipartite graph with an edge for every 

zero value in the table.
• Step 7: Make the allocation and calculate minimum cost

The table below shows the four employees: Wendy, 
Xenefon, Yolanda and Zelda. The machines in a factory 
are represented by the letters 𝐴, 𝐵, 𝐶 and 𝐷.
The numbers in the table are the times, in minutes, it takes 
each employee to finish the task on each machine.
The table is called a cost matrix.
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