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Year 12 General Maths
Units 3 and 4

Transition matrices: 
Using recursion
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By the end of the lesson, I would hope that you have an understanding and be able to apply to questions the following 
concepts:

• To be able to use a matrix recurrence relation: 𝑆𝑆0 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖𝑠𝑠 𝑚𝑚𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚, 𝑆𝑆𝑛𝑛+1 = 𝑇𝑇 𝑆𝑆𝑖𝑖, to generate a sequence of 
state matrices.

• To be able to informally identify the equilibrium state or steady-state matrix in the case of regular state matrices.

Learning Objectives
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In the past two lessons we have looked at how we can use transition diagrams and 
matrices to model real world sitations.

Whilst this is all well and good, at the moment we have a little bit of a problem.

The transition matrix only seems to tell us what changes happen in one week. I’m pretty 
sure I’m going to need to be open much longer than one week for me to make any 
money!

So, what happens if I want to know how many cars are going to be in Bendigo or Colac 
after 2, 3, 4, … weeks?

Recap
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Recurrence relations … again

Just when you thought it was safe to go into the water again, back come recurrence relationships!!

For financial mathematics we had:

𝑉𝑉0 = 𝑃𝑃𝑚𝑚𝑖𝑖𝑖𝑖𝑃𝑃𝑖𝑖𝑃𝑃𝑖𝑖𝑖𝑖,𝑉𝑉𝑛𝑛+1 = 𝑅𝑅 × 𝑉𝑉𝑛𝑛 ± 𝐷𝐷

This was simply a way to go from one “week” to another. All we needed to know was our multiplier (R) and if 
there was some constant amount being added or subtracted.
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Let’s change some letters!

For Transition Matrices we talk about STATE.

The initial STATE is called 𝑆𝑆0.

This might be the number of cars we had when we first opened the business and where they were located.

[Note: The number of cars shouldn’t change … just the locations of them].

The transition matrix is given the letter, 𝑇𝑇
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Opening Day

When I opened by original hire car business in Bendigo, I had enough money to purchase 90 cars. 

50 of them were located in Bendigo and the other 40 of them in Colac.

I can represent this as:

𝑆𝑆0 =
50
40

We know, from research that the transition matrix, T, is:

𝑇𝑇 = 0.8 0.1
0.2 0.9

The order of the numbers is 
really important

Again, the order of the 
numbers is important
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End of the week … am I rich yet?

I know how many cars were in Bendigo and Colac when I opened the business, but how many are in each 
location at the end of the week?

This can be found by doing:

𝑆𝑆1 = 𝑇𝑇 × 𝑆𝑆0 =
0.8 0.1
0.2 0.9 × 50

40

So, there are going to 44 cars in Bendigo and 46 cars in Colac.
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What about the end of week 2?

To go from one week to the next, we simply take the end of one week and multiply it by the transition matrix 
…

So, the end of Week 2 can be found by doing:

𝑆𝑆 = 𝑇𝑇 × 𝑆𝑆1 =
0.8 0.1
0.2 0.9 × 44

46

We need to be careful with decimals.
There aren’t going to be decimal numbers of cars.
So we round, but always make sure the total is 90!

So, 40 cars in Bendigo and 50 cars in Colac now.
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And week 3?

To go from one week to the next, we simply take the end of one week and multiply it by the transition matrix 
…

So, the end of Week 3 can be found by doing:

𝑆𝑆 = 𝑇𝑇 × 𝑆𝑆 = 0.8 0.1
0.2 0.9 × 39.8

50.2

We need to be careful with decimals.
There aren’t going to be decimal numbers of cars.
So we round, but always make sure the total is 90!

So, 37 cars in Bendigo and 53 cars in Colac now.

Notice we use the decimal values
And not the rounded ones!
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Will all the cars end up in Colac then?

What happens if we keep doing this?

Will all the cars end up in Colac? Will I have to close the car business in Bendigo?

We can find the STEADY STATE of this system by doing something pretty funky. But, before we do, we need 
to learn how to make this easier.

We don’t want to have to keep doing these types of calculations!!!

𝑆𝑆 = 𝑇𝑇 × 𝑆𝑆 = 0.8 0.1
0.2 0.9 × 39.8

50.2
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The rule for finding the state matrix after ‘n’ steps

This is really building on the same theory we used in Financial Mathematics. So, we should be able to go 
straight to:

𝑆𝑆𝑛𝑛 = 𝑇𝑇𝑛𝑛 × 𝑆𝑆0

To get to any “week” number, we simply raise the transition matrix to the “week number” and multiply it by 
the initial state matrix.

So, if we wanted to find the third week, we can use:

𝑆𝑆 = 𝑇𝑇 × 𝑆𝑆0

Same answers!
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What happens when the value of ’n’ gets bigger and bigger?

This is better explained using the CAS so, if you’re watching this on the video, then I will demonstrate what 
happens ..

Otherwise, to find the STEADY STATE of a system, so raise the value of ‘n’ to something pretty high.

Most times you can use 50.

But you must check 51 to make sure there is no significant difference! We can see there is no significant 
difference in the whole numbers.

So, we can conclude that, the 
steady state of the system will 
always see 30 cars in Bendigo and 
60 cars in Colac.
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Example 1
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Example 2
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Doing it backwards

Don’t you just love Barry?

Not content with trying to confuse you with the whole concept of transition matrices, he 
now wants to trick you by getting you to go backwards!

So, if you have a transition matrix, T, and 𝑆𝑆 could you reverse engineer the process and go 
back to 𝑆𝑆 ?

Yup! If you’ve understood the work from the previous chapter.

𝑆𝑆 = 𝑇𝑇 × 𝑆𝑆
𝑇𝑇 × 𝑆𝑆 = 𝑆𝑆
𝑇𝑇 1 × 𝑇𝑇 × 𝑆𝑆 = 𝑇𝑇 1 × 𝑆𝑆
× 𝑆𝑆 = 𝑇𝑇 1 × 𝑆𝑆

𝑆𝑆 = 𝑇𝑇 1 × 𝑆𝑆

This is nothing more than some 
matrix algebra.

You are strongly advised to have this 
in your summary book somewhere 
and to understand how to use it!
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Example 3
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Example 4
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